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International Journal of Neutrosophic Science (IJNS) is a peer-review journal publishing high quality 
experimental and theoretical research in all areas of Neutrosophic and its Applications. IJNS is 
published quarterly. IJNS is devoted to the publication of peer-reviewed original research papers lying in 
the domain of neutrosophic sets and systems. Papers submitted for possible publication may concern with 
foundations, neutrosophic logic and mathematical structures in the neutrosophic setting. Besides providing 
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computational work handy are welcome. 
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IJNS promotes research and reflects the most recent advances of neutrosophic Sciences in diverse 
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Concepts of Neutrosophic Complex Numbers 
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Abstract 


In this paper, concept of neutrosophic complex numbers and its properties were presented inculding the conjugate of 
neutrosophic complex number, division of neutrosophic complex numbers, the inverted neutrosophic complex number 
and the absolute value of a neutrosophic complex number. Theories related to the conjugate of neutrosophic complex 
numbers are proved, the product of a neutrosophic complex number by its conjugate equals the absolute value of 
number is also proved. This is an important introduction to define neutrosophic complex numbers in polar. 


Keywords: Classical neutrosophic numbers, Neutrosophic complex numbers, Conjugate. 
1. Introduction 


As an alternative to the existing logics, Smarandache proposed the neutrosophic Logic to represent a 
mathematical model of uncertainty, vagueness, ambiguity, imprecision, undefined, unknown, incompleteness, 
inconsistency, redundancy, contradiction, where the concept of neutrosophy is a new branch of philosophy introduced 
by Smarandache [3][7]. He presented the definition of the standard form of neutrosophic real number and conditions 
for the division of two neutrosophic real numbers to exist, he defined the standard form of neutrosophic complex 
number, and found root index n = 2 ofa neutrosophic real and complex number [2][4], studying the concept of the 
Neutrosophic probability [3][5], the Neutrosophic statistics [4][6], and professor Smarandache entered the concept of 
preliminary calculus of the differential and integral calculus, where he introduced for the first time the notions of 
neutrosophic mereo-limit, mereo-continuity, mereoderivative, and mereo-integral [1][8]. Madeleine Al- Taha 
presented results on single valued neutrosophic (weak) polygroups [9]. Edalatpanah proposed a new direct algorithm 
to solve the neutrosophic linear programming where the variables and right 
hand side represented with triangular neutrosophic numbers [10]. Chakraborty used pentagonal neutrosophic number 
in networking problem, and Shortest Path Problem [11][12]. 


This paper aims to study neutrosophic logic in the complex numbers by defining the conjugate of neutrosophic 
complex number, division of neutrosophic complex numbers, the inverted neutrosophic complex number, the absolute 
value of a neutrosophic complex number, I also have proven theories related to the conjugate of neutrosophic complex 
numbers, and finally we proved the product of a neutrosophic complex number by its conjugate equals the absolute 
value of number. 


2. Preliminaries 


2.1 Neutrosophic Real Number [4] 


DOI: 10.5281 /zenodo.3900293 
Received: Febraury 27, 2020 Accepted: June 05, 2020 
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Suppose that w is a neutrosophic number, then it takes the following standard form: w = a+ bI where a,b are real 
coefficients, and I represent indeterminacy, such 0.1 = 0 and I” = I, for all positive integers n. 


2.2 Neutrosophic Complex Number [4] 


Suppose that z is a neutrosophic complex number, then it takes the following standard form: z=a+clI + bi+dil 
where a,b,c,d are real coefficients, and I indeterminacy, such that i? = -1 >i = V-1. 


Note: we can say that any real number can be considered a neutrosophic number. 


For example: 2=2+0./, or:2=2+0.1+0.i+0.i./ 


2.3 Division of neutrosophic real numbers [4] 


Suppose that w,,w, are two neutrosophic numbers, where 
W,=a,+bd 1, Wz =a, + byl 
To find (a, + b,I) + (az + b2I), we can write: 


a, +b! 


——_= T 
az + byl oe 


where x and y are real unknowns. 
a, + byl = (az + by!) (x + yl) 
QA, + byl = agx + (box + agy + boy)l 
by identifying the coefficients, we get 
Ay = Anx 
by = bax + (az + bayy 
We obtain unique one solution only, provided that: 


az 0 








#0 => aj(azt+b.) #0 


Hence: az #0 and az # —by are the conditions for the division of two neutrosophic real numbers to exist. 
Then: 


ay + b,I _ ay azb, _— a,b, 
a, +b2l az az(a, + by) 





2.4 Root index n = 2 of a neutrosophic real number [4] 


1) Case: n = 2 
Let w =a +bI be aneutrosophic real number, then 


Va+bl=x+y.! 


DOI: 10.5281 /zenodo.3900293 10 
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at+bl=(x+y.1? 
at+bl =x? 4+ 2xy.1+y?7I 


by identifying the coefficients, we get: 


x7 =a 
y? + 2xy=b 
Hence x=+Va 


y? +2Vay—b=0 


By solving the second equation in respect to y we find: 





ne a sees F¥VatVatb 
Then we fined four solutions of Va + bI: 
vVa+bl = Vat (—Va+ Va +b).1 
Or: Va + bl = Va -(-Va+vVa+b)./ 
Or: Va + bl = —Va+ (Va + Va +b)./ 
Or: va + bl = —Va + (Va-Va+b)./ 


particular case: VI = +I 


2) Case: n > 2 


Vatbl=x+t+y.l1 


a+bl =(x+y.1)” 


n-1 
apolar 4S chymts ). 
k=0 


Va ; nodd 


ni =5 
x™=a> x= 
n 
ae ; neven 


n-1 ie 
» Chy* an=b 
k=0 


Solve it in respect to y, we can distinguish two cases: 


DOI: 10.5281 /zenodo.3900293 11 
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When the x and y solutions are real, we get neutrosophic real solutions, 


When x and y solutions are complex, we get neutrosophic complex solutions. 


2.5 Multiplying two neutrosophic complex numbers [2] 


Let Zz, ,Z2 are two neutrosophic complex numbers, where 
Z=a,tqlt+bitdil , 2 =a,+c2]l+b,it+ dil 
Then: 
21.22 = (Q, +1 + di + dyil )(ay + Col + bgi + dail) 

= (a,az — bybz) + (aycz + a2C, + C,C, — bd, — dyb, — d,d2)I 

+(a,bz + azb,)i + (a, dz +c, bz + cy dz + bycz + apd, + dycz)i.1 
Example 2.1: 
(3 + 5i4+ 2i7)(14+ 3i/) = 34+ 9i] + Si — 15] + 2i] — 61 

= 3-2114+5i+11i 
3. Conjugate of a neutrosophic complex number 
Definition 3.1: 


Suppose that z is a neutrosophic complex number, where z= a+clI+ bi+d.il. We denote the conjugate of a 
neutrosophic complex number by Z and define it by the following form: 


Z=at+cl—bi-dil 
Example 3.1: 
z=4+4+5i-7il > 7=4-5i4+7i 
z=-2)-i+8U > Z=-2!1+i-8il 
z=Uu > z=-il 
As consequences, we have: 
1. the conjugate of neutrosophic complex number Z is the same neutrosophic complex number z. 


@=z 
2. If z=atcl+bit+d.il 


then 
Z+Z=2(a+cl) =2Re(z) and z—zZ=2(b+d.1)i = 2Im(z) 


where Re(Z) is the real part of the complex number and Im(Z) is the imagine 


DOI: 10.5281 /zenodo.3900293 12 
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3. Weconclude from this, that the neutrosophic complex number is real if and only if = Z , and it is imaginary 
ifandonlyif z=—Z. 


Remark 3.1: 
The conjugate of the sum of two neutrosophic complex numbers is equal to the sum of their two conjugates. 
% +22 =% + % 
Proof: 
Suppose that z, , 2, are two neutrosophic complex numbers, where 
=a, +ql+bitditl , t=ag,t+c!lt+ bit dil 
Then: 
Zy +22 = (a, +ag) + (C41 + co!) + (b, + bg)i + (dy + dQ )il 
Z + Zy = (ay +a2) + (41 +1) — (b, +: b2)i — (d, +d, )il 
=a, +cC,1 — byi — dil + az + C2I — bai — dail 
=Z+h 
Theorem 3.1 


The conjugate of multiplication two neutrosophic complex numbers is equal to the multiplication of their two 
conjugates. 


21.22 = 2.22 
Proof: 
Suppose that z, , 2, are two neutrosophic complex numbers, where 
=a, +Ql+bitdiwl , 2t=a,t+c!lt+ bit dil 
Then: 
Z1-Z2 = (Q, +C,1 + dyi + dil ) (ay + Col + bai + dail) 
= (a,az — bybz) + (aycz + a2C, + C,C, — bd, — dyb, — d,d2)I 
+(a,bz + azb,)i + (a, dz + cy b2 + c,dz + bycz + apd, + d,cz)i.1 
Zy.Zz = (Gaz — bybz) + (ayc2 + Agcy + C1C2 — bydz — dbz — dyd2)I 
—(a,bz + azb,)i — (a, dz + cy bg + cydz + bycg + and, + dyc,)i.1 
Z4-Zq = (a, + c,] — byi — d,il )(a, + cyI — bi — d,tl) 
= (a,a, — by bz) + (aycz + azc, + CyC, — by dz — dyb, — dyd2)I 
—(a,bz + azgb,)i — (a,dz +c, bz + c,dz + bycz + apd, + d,cz)i.1 
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> Fy Ee 
4. Division of neutrosophic complex numbers 

Suppose that z, , Z2 are two neutrosophic complex numbers, where 
=a, +Ql+bitdil , 2%=a,t+c!lt+bgitdyzil ;z.4#0 
Then: 


ZZ A tqlt+bit+dil 


Zo Ag + Col + bagi + dail 





multiply the numerator and denominator by conjugate of z, we get: 


Z1 _ (a, + Cl + byi + d,il) (az + C2l = boi = dil) 


Zy (ag + Col + bai + dyil) (ap + Cyl — byi — dail) 
_— GG +el + byt + dil) (az + Cal — bzi — dail) 
~ (az + Co)? + (by + dal)? 


_ (Ga + by bz) + (ay + AzCy + CyC2 + bi dz + dbz + d,d2)I 
= (ay + C21)? + (by + dyI)? 
r (ab, — a,b2)i + (bycz + apd, + dycz — aydz — cyb2 — cy d)i.1 
(az + Col)? + (bz + dal)? 








_ (Q,a2 + by by) + (Greg + Any + C4 Cg + by dy + dyby + dydz)I 
- (az + Col)? + (by + d2!)? 


z (a,b, — a,bz) + (byc2 + and, + dyc, — a,d, — cb, — cy d,).1 
(az + coI)? + (b, + daI)? : 


Example4.1: 
3+ 5i + 2il 
1+ 3il 


Solution: 
multiply the numerator and denominator by conjugate of (1 — 3i/) we get: 


34+5i+2i1 (84+5i+2i)(-3il) 3-211 +5i+ 1101 
1437 8 8§=((14+31/90-31/) 14+9] 





_3224) 5411 
~ feo ter” 





(1) 


Let us find: 
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3-2, 
hea 
3-217 = (14+ 91(x+4+ yl) 
3-21] =x + 9xI + 10yl 
3-21. =x+(9x+10y)I 
an x=3 
9x+ 10y = —-21 
={ = 3 - ae 
9(3) + 10y = —21 y=-—=-48 
10 
ee ee Agi 
1+9] — , 
Let us find: 
SY ies 
iceGy se 


5 +111 = (1+ 91)(x + yl) 


5+ 11] =x+ 9xI + 10yl 


5+ 117 =x+ (9x + 10y)I 


=| x=5 
9x+10y =11 


=| x=3 = 34 
9(5) + 10y = 11 y=-—=-34 


54+11/ 5 —34I 
> —— =5-3. 
14+ 9] 


By substitution in (1): 


3+ 5i + 2il 


EME eel as 34 
1437 aa I 


= 3-48] + 5i-3.4il 
5. Inverted Neutrosophic complex number 
Suppose that z is a neutrosophic complex number, where z = a + cl + bi+d.il 


Then: 


1 1 
z atcl+bi+d.il 
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= at+cl b-dl . 
~ (atch? +(b+dl? (atch?+(b+dly- 


Example 5.1: 
1 1 ar. 
a Fa tra! 
1-2uU 1+4/] 1+4!/ 


=1 yee 
mag eg 


6. The absolute value of a neutrosophic complex number 


Suppose that z = a + cI + bi + d.il is aneutrosophic complex number, the absolute value of a neutrosophic complex 
number defined by the following form: 





[Z| = J(at+ cl)? + (b + dl)? 
Example 6.1: 
Let z= 1+ 2] + iJ, find the absolute value of z. 


Solution: 





Z| = J(at+ cl)? + (b + dl)? 


= (0 +2n?+(? 

=V1+41+4I+1 

= 1+ 10/ 

v1+10l =x+yl 

14+10] = x* + 2xyl + y? 
by identifying we get: 


{ x2=1 
y? + 2xy = 10 


Since the absolute value is positive, we take: x = 1 
By substitution in the second equation: 


y2+2y=10 => y?+2y-10=0 


—2+2v11 
y = —.—— = -14 V11 = 23 


2 


Therefore, 


DOI: 10.5281 /zenodo.3900293 16 


International Journal of Neutrosophic Science (INS) Vol 8 No. 1, PP. 9-18, 2020 





JZ| =|1+274+i|=14+2.3/ 
Theorem 6.1: 


Suppose that z = a + cl + bi + d.il is a neutrosophic complex number, multiplication the absolute value of z by its 
conjugate equals to square of the absolute value of . 


Z.Z=|Z|? 
Proof: 
z=atc+bit+dil => z=at+cl—bi-dil 
z.z=(at+cl+bit+d.il)(a+t+cl —bi-d.il) 
= a? + acl — abi — adil + acl + c7I — bcil — cdli + abi 
+bcil + b? + bdl + adil + cdil + bdl + d?I 
= (a? + 2acl + c7I) + (b? + 2bdl + d7I) 


=(a+cl)*+(b+dl)? =|2Z|? 


> Z.Z=(|Z|? 
Example 6.2: 
Let z=4—1+2i+ 3i/, find z.z. 
Solution: 
Z.Z= Z|? 


= (at+cl)? +(b+dl)* 
= (4—/])? + (243)? 
= 16-87 +/+4+12/4+9] 


= 20+ 14] 


5. Conclusions 


In this paper, conjugate of neutrosophic complex number was defiend and used to find the division of 
neutrosophic complex numbers, the inverted neutrosophic complex number and the absolute value of a neutrosophic 
complex number. This research has proven theorems related to the conjugate of neutrosophic complex numbers. This 
approach can be applied to define the polar form and exponential form of the neutrosophic complex number. 
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Abstract 





To deal with fluctations in decision-making, fuzzy / neutrosophic numbers are used. The problem having 
more fluctuations are difficult to sovle. Thus it is a dire need to define higher order number, also It is a very curious 
question by researchers all around the world that how octagonal neutrosophic number can be represented and how to 
be graphed? In this research article, the primarily focused on the representation and graphs of octagonal neutrosophic 
number. at last, a case study is done using VIKOR method based on octagonal neutrosophic number. These 
representations will be helpful in multi-criteria decision making problems in the case that there are large number of 
fluctuations. Finally, concluded the present work with future directions. 


Keywords: Neutrosophic Number, Octagonal Number, VIKOR Method, MCDM, Uncertainty, Indeterminacy, 
Accuracy Function, De-neutrosophication. 


1. Introduction 


The theory of uncertainty plays a very important role to solve different issues like modelling in engineering 
domain. To deal with uncertainty the first concept was given by [1], extended by [2] named as intuitionistic fuzzy 
numbers. In year 1995, Smarandache proposed the idea of neutrosophic set, and the idea was published in 1998 [3], 
they have three distinct logic components i) truthfulness ii) indeterminacy iii) falsity. This idea also has a concept of 
hesitation component the research gets a high impact in different research domain. In neutrosophic, truth membership 
is noted by T, indeterminacy membership is noted by J, falsity membership is noted by F, These are all independent 
and their sum is between 0< T + I + F <3. While when talking about intuitionistic fuzzy sets, uncertainty depends on 
the degree of membership and non-membership, but in neutrosophic sets then indeterminacy factor does not depend 
on the truth and falsity value. Neutrosophic fuzzy number can describe about the uncertainty, falsity and hesitation 
information of real-life problem. 


Researchers from different fields developed triangular, trapezoidal and pentagonal neutrosophic numbers, 
and presented the notions, properties along with applications in different fields [4-6]. The de-neutrosophication 
technique of pentagonal number and its applications are presented by [7-10]. 


Scientists from different areas investigated the various properties and fluctuations of neutrosophic numbers and 
the properties of correlation between these numbers [6-7]. The applications in decision-making in different fields like 
phone selection [11-12], games prediction [13], supplier selection [14-16], medical [17], personnel selection [18-19]. 
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Octagonal neutrosophic number and its types are presented by [20] in his recent work. The graphical 
representation and properties are yet to be defined while dealing with the concept of octagonal neutrosophic number 
a decision-maker can solve more fluctuations because they have more edges as compare to pentagonal. Table:1 
represents different numbers and their applicability. 














Edge Parameter Uncertainty Hesitation Vagueness Fluctuations 
Measurement Measurement Measurement 

Crisp number - "i . “ 
Fuzzy number determinable - = * 
Intuitionistic Fuzzy | determinable determinable = cc 
number 

Neutrosophic determinable determinable determinable determinable 
number 




















Table 1: Fuzzy numbers, their extensions and applicability 


1.1 Motivation 


From the literature, it is found that octagonal neutrosophic numbers (ONN) their notations, graphs and 
properties are not yet defined. Since it is not yet defined so also it will be a question that how and where it can be 
applied? For this purpose, is de-neutrosophication important? How should we define membership, indeterminacy and 
non-membership functions? From this point of view ONN is a good choice for a decision maker in a practical scenario. 


1.2 Novelties 
The work contributed in this research is; 


Membership, Non-membership and Indeterminacy functions 
Graphical Representation of ONN. 

De-neutrosophication technique of ONN. 

Case study of personnel selection having octagonal fluctuations. 


1.3 Structure of Paper 


The article is structured as follows as shown in the Figure 1: 


eIntroduction Preliminaries ° Octagonal ¢Graph of 
Neutrosophic Octagonal 

Number, Neutrosophic 
Representation Number 


and Properties 


Section 1 Section 2 Section 3 Section 4 





°De- °Case Study of ¢Conclusion 

neutrsophication Candidate 
of ONN into Selection 
Neutrosophic 


Fuzzy Number 


Section 5 Section 6 Section 7 





Figure 1: Pictorial view of the structure of the article 
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2. Preliminaries 


Definition 2.1: Fuzzy Number [1] 


A fuzzy number is generalized form of a real number. It doesn't represent a single value, instead a group of values, 
where each entity has its membership value between [0, 1]. Fuzzy number S is a fuzzy set in R if it satisfies the given 
conditions. 


e §©drelatively one y € R with ws (y) = 1. 
Hg (y) 1s piecewise continuous. 
S should be convex and normal. 


Definition 2.2: Neutrosophic Fuzzy Number [3] 

Let U be a universe of discourse then the neutrosophic set A is an object having the form 

A= {<x: Ty (x), In (%), Fa (x), >; x € US 

where the functions T, I, F : U— [0,1] define respectively the degree of membership, the degree of indeterminacy, and 
the degree of non-membership of the element x € X to the set A with the condition. 0 <T, (x) + I, (x) + Fy (x) < 


3. 
Definition 2.3: Accuracy Function [21] 


Accuracy function is used to convert neutrosophic number NFN into fuzzy number (De-neutrosophication using A;). 
— [Metlyt+F x] 


APS} 
A; represents the De-neutrosophication of neutrosophic number into fuzzy number. 
Definition 2.4: Pentagonal Neutrosophic Number [6] 
Pentagonal Neutrosophic Number PNN is defined as, 
PNN = ({(0,0,¢,%,): 9], (01,04, 3, v3, 7): YI, [((0?, 02, 62, 77, e7): ]) 
Where 8,¥, € [0,1]. 
The truth membership function (8): l% — [ 0, 6], 


the indeterminacy membership function (Y):1] — [g,1], 


and the falsity membership function( ):R—[ ,1]. 
3. Octagonal Neutrosophic Number [ONN] Representation and Properties 


In this section, we define ONN, representations and properties along with suitable examples. 


Definition 3.1: Side Conditions of Octagonal Neutrosophic Number [ONN] 
An Octagonal Neutrosophic Number denoted by; 


S (((0,0,¢,%,¢, ,6,3): 0], [(01,01,¢,¢1,e1, 1,61,31): ¥], [(0?2,02, 57,07, 2, 7,67,37): ]) should satisfy the 
following conditions: 


Condition 1: 


1. Og: truth membership function (@,): R— [ 0,1], 
2. Ws: indeterminacy membership function (Y;):I — [g ,1], 
3. g: falsity membership function ( ,):R—[  ,1]. 
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Condition 2: 


1. ©: truth membership function is strictly non-decreasing continuous function on the intervals [Q, €]. 

2. W,: indeterminacy membership function is strictly non-decreasing continuous function on the intervals 
[o+, e]. 

3; g: falsity membership function is strictly non-decreasing continuous function on the intervals [.0?, €?]. 


Condition 3: 


1. ©g: truth membership function is strictly non-increasing continuous function on the intervals [e, 3]. 

2. W,: indeterminacy membership function is strictly non-increasing continuous function on the intervals 
[e?, 37]. 

3. g: falsity membership function is strictly non-increasing continuous function on the intervals [e?, 37]. 


Definition 3.2 : Octagonal Neutrosophic Number [ONN] A Neutrosophic Number denoted by S is defined as, 
S=((CO.Les¢,s, ,6,3):0], (001 04,61, 94,27, 4.64,37): 41, (C07, 02,2, 07,62, 2,07,92): 1) 

Where 8,V¥, € [0,1]. 

The truth membership function (6): 8— [ 0,1], 

the indeterminacy membership function (,):R— [5 ,1], 


and the falsity membership function( .):R—>[  ,1] are given as: 


Oa (x) Qa<x<O 

Oe, (x) O<x<eg 

Oz5 (x) gsx<yv 

O23 (X) You<eE 
6 


04(x)= X=E 
O23 (x) exx< 
Oe (X) <x<o 
Os, (x) og x<3 
0 otherwise 
Weg (x) O<sx<O? 
We, (x) O'<x<¢ 
We, (x) gi<cx<v 
We (x) wi sx<el 
PKR) 5 x=el 
Weg (x) els x< } 
We, (x) T<x< 6} 
Wax) 61< x <3! 
1 otherwise 
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go (X) 

g1 (X) 
g2 (x) 
33 (x) 

g(X)= 

53 (X) 
32 (X) 
g1 (X) 

1 


OF <x <0? 
02-<x<¢ 
es x o97 
wcox<e? 
x= 
e<cx< 7 
2<x< 6? 
o<x<3? 
otherwise 


Where S=([(Q<D<g<v<e< <6<s3):0],[((Q'<D<el<vi<et< 1<6' <3"): ¥],[(0? < 
Ise ee cee Seo ee 1) 


4. Graphical Representation of Octagonal Neutrosophic Number [ONN] 


In this section, graphs of truthiness, indeterminacy and falsity function are presented. 


Definition 4.1: Octagonal Neutrosophic Number [ONN] 


O59 (0) 

851 (0) 
O22 (0.1) 
623(0.1) 


Po) 
Ba) 
Ps (0.9) 
Ws3 (0.9) 
W,(x)= 0 
3 (0) 
We2 (0.9) 
W,, (0.9) 
1 


so(1) 
gi (1) 
42 (0.9) 
g3 (0.9) 
g(x)= 0 
33 (0) 
g2(0.9) 
g1 (0.9) 
1 


01<x< 0.2 
02< x<0.3 
03< x<04 
04< x<0.5 
x=0.5 
05< x<0.6 
0.6< x <0.7 
0.7< x<08 
otherwise 


01 <x < 0.2 
02< x<03 
03< x<04 
04<x<05 
x=0.5 
05< x«< 0.6 
0.6< x<0.7 
0.7< x<08 
otherwise 


01<x<0.2 
02< x<03 
03<x<04 
04< x<0.5 
x=0.5 
05< x<0.6 
0.6< x <0.7 
0.7< x<08 
otherwise 
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4.1 Graphical Representation of Membership, Non-membership, Indeterminacy and ONN 


Graphical Representation of the Trutheness of 


12 Octagonal Neutrosophic Number 


0,8 
0,6 
0,4 


0,2 


0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 


Figure 2: Graphical representation of the truthiness of ONN 


Graphical Representation of the Falsity of Octagonal 
Neutrosophic Number 


1.2 
Lee —* 
i —_- 
0.8 } 
0.6 \ / 
\ / 


0.4 / 
0.2 


0.4 0.5 0.6 0.7 0.8 0.9 


Co 
w 


0 0.1 0.2 


Figure 3: Graphical representation of the Falsity of ONN 
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Graphical Representation of the Indeterminacy of Octagonal 
Neutrosophic Number 






1,2 
1 
0,8 
0,6 
0,4 
0,2 
0 
0 0,2 0,4 0,6 0,8 1 1,2 
Figure 4: Graphical representation of the Indeterminacy of ONN 
Graphical Representation of the Octagonal 
2 Neutrosophic Number 
1 
0.8 
0.6 
@ i-Value 
o4 
0.2 


0 0.1 0.2 0.3 0.4 O.5 0.6 07 0.8 os 


Figure 5: Graphical representation of the Octagonal Neutrosophic Number 
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5. Accuracy Function for De-neutrosophication of Octagonal Neutrosophic Number (ONN) 


5.1 De-neutrosophication of ONN into Neutrosophic Number 


On the way of development of De-neutrosophication technique, we can generate results into neutrosophic number 
according to the result of octagonal neutrosophic number and its membership functions. 


O+0+e+vtet+ +643 


=e, 


D™"on=( 








Lagtectagtaety 14462451 
Inoy — (QO tU +e te te t+ “+0543 
D eo ( 8 )» 


0740 24674924024 2462432 


DFNon = ( - 








ee 163 O'+O+el+ot+et+ 14614431 07 4+07% 4+ e427 +e274+ 2746743? 
NOy — 8 , 8 , 8 


_D' On + D'NOn +p! NON 
Dno; F , 





e Dow represents the de-neutrosophication of trueness of neutrosophic octagonal number into neutrosophic. 
e D!'"ow represents the de-neutrosophication of indeterminacy of neutrosophic octagonal number into 
neutrosophic. 


e D*"on represents the de-neutrosophication of falsity of neutrosophic octagonal number into neutrosophic. 
e¢ Dwo, represents the de-neutrosophication of octagonal number into neutrosophic number. 


Example 1: In Table: 3 five octagonal neutrosophic numbers ONN are defuzzified into Neutrosophic Number. 





Octagonal Neutrosophic Number Dyno 

1 | (0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8;0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9; (0.45,0.55,0.5375) 
0.1,0.3,0.4,0.5,0.6,0.7,0.8,0.9) 

2 | (0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9;0.1,0.3,0.4,0.5,0.6,0.7,0.8,0.9; (0.55,0.5375,0.55) 
0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9) 

3 | (0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.9;0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8; (0.4625,0.45,0.525) 
0.1,0.2,0.4,0.5,0.6,0.7,0.8,0.9) 

4 | (0.1,0.2,0.4,0.5,0.6,0.7,0.8,0.9; 0.1,0.3,0.4,0.5,0.6,0.7,0.8,0.9; (0.45,0.5375,0.55) 
0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9) 

5 | (0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9; 0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8; (0.55,0.45,0.4625) 


0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.9) 
Table 2: De-neutrosophication of ONN into Neutrosophic number using Accuracy Function. 


5.2 De-neutrosophication of Neutrosophic Number 
On the way of development of de-Neutrosophication technique, we can generate results into fuzzy number according 
to the result of neutrosophic number. 


Dp! NOn+p!NOn4p NON 
3 > 





Dyo,= 
Dyo, tepresents the de-neutrosophication of octagonal number into fuzzy number. 


Example 2: In Table: 3 five octagonal neutrosophic numbers are defuzzified into Fuzzy. 
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Octagonal Neutrosophic Number Dnoy Dyno, 

T | 0:1:0:2,03.0.4,0:5,0.6,0-7,0.8:0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.95 (0.45,0.55,0.5375) 0.5125 
0.1,0.3,0.4,0.5,0.6,0.7,0.8,0.9) 

2 (0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9;0.1,0.3,0.4,0.5,0.6,0.7,0.8,0.9; (0.55,0.5375,0.55) 0.54583 
0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9) 

3 | (0-1,0.2,0.3,0.4,0.5,0.6,0.7,0.9:0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8; (0.4625,0.45,0.525) 0.47916 
0.1,0.2,0.4,0.5,0.6,0.7,0.8,0.9) 

4 (0.1,0.2,0.4,0.5,0.6,0.7,0.8,0.9; 0.1,0.3,0.4,0.5,0.6,0.7,0.8,0.9; (0.45,0.5375,0.55) 0.5125 
0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9) 

5 | (0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9; 0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8; (0.55,0.45,0.4625) 0.4875 
0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.9) 





Table 3: De-neutrosophication of ONN using Accuracy Function. 


6. Case Study 


To demonstrate the; 


e = Feasibility 
e  Productiveness 


of the proposed method, here is the most useful real-life candidate selection problem is presented. 


6.1 Problem Formulation 


Suppose we have three candidates which have different degree, experience and number of publications, the thing 
which matter the most to select one which have more potential to deal with situation. The potential of person depends 
upon degree, experience and number of publications they have. To improve the competitiveness capability, the best 
selection plays an important role, and to select the best one. Due to octagonal we can deal with more fluctuations. The 
background of formal education comparison also necessary. Same case for experience because it illustrates the 
personality and also mention that person is capable to handle the circumstances. Same as publications is also important 
for selection. With the concept of octagonal we have more expanse to deal with more edges. Suppose we are talking 
about degree we can mention his all necessary degrees with grades. 


6.2 Parameters 


Selection is a complex issue, to resolve this problem criteria and alternative plays an important role. Following criteria 
and alternatives are considered in this problem formulation. 


6.2.1 Alternatives 


Candidates are considered as the set of alternatives represented with ca 6,0,u> 
6.2.2. Criteria 
Following three criteria are considered for the selection 


Degree 
Experience 
e = Publications 


6.3 Assumptions 


The decision makers {D,,D2,D3, D4, Ds,D¢, D7, Dg} will assign ONN, according to his own interest, knowledge 
and experience, to the above-mentioned criteria and alternatives. 
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o Assigning Octagonal Neutrosophic Number ONN, by decision makers to the candidate ¢. 





Sr #No Criteria Octagonal Neutrosophic Number (ONN) 
1 Deer < (0.72,0.35,0.71,0.77,0.41,0.73,0.77,0.81), (0.93,0.83,0.93,0.88 ,0.94,0.99,0.96,0.90), 
egree (0.86,0.95,0.99,0.97,0.94,0.93,0.95,0.91) > 
5 Experien < — (0.75,0.65,0.96,0.54,0.73,0.65,0.83,0.56),  (0.75,0.45,0.95,0.38,0.68,0.79,0.57,0.13), 
openers (0.36,0.59,0.68,0.79,0.47,0.36,0.47,0.95) > 
a < (0.74,0.73,0.64,0.75,0.96,0.34,0.85,0.89), (0..35,0.46,0.58,0.79,0.85,0.71,0.64,0.96), 
3 Publications 


(0.84,0.73,0.85,0.75,0.98,0.84,0.66,0.94)> 





Table 4(a): ONN by decision makers to each criterion to the candidate ¢. 


o Assigning Octagonal Neutrosophic Number ONN, by decision makers to the candidate w. 





Sr # No Criteria Octagonal Neutrosophic Number (ONN) 
1 Deer < (0.73,0.73,0.94,0.85,0.96,0.74,0.95,0.89), (0.33,0.46,0.59,0.79 ,0.85,0.79,0.74,0.86), 
egree (0.48,0.33,0.55,0.75,0.68,0.64,0.36,0.70) > 
. eee < — (0.75,0.55,0.96,0.54,0.93,0.65,0.73,0.56),  (0.93,0.83,0.83,0.58,0.84,0.69,0.76,0.80), 
xperience (0.66,0.59,0.68,0.99,0.47,0.46,0.87,0.95) > 
are < (0.94,0.93,0.74,0.95,0.96,0.94,0.85,0.99), (0.28,0.26,0.58,0.35,0.45,0.61,0.64,0.36), 
3 Publications 


(0.28,0.23, 0.25, 0.45, 0.68, 0.44, 0.26, 0.34)> 





Table 4(b): ONN by decision makers to each criterion to the candidate w. 


o Assigning Octagonal Neutrosophic Number ONN, by decision makers to the candidate v. 





Sr # No Criteria Octagonal Neutrosophic Number (ONN) 
1 Des < (0.73,0.83,0.93,0.56,0.95,0.95,0.73,0.88), (0.76,0.95,0.69,0.94,0.94,0.63,0.55,0.61), 
egree (0.74,0.73,0.85,0.75,0.48,0.34,0.66,0.74) > 
5 Becenen < — (0.73,0.65,0.96,0.54,0.63,0.65,0.81,0.59),  (0.75,0.45,0.85,0.38,0.78,0.79,0.67,0.13), 
xperience (0.38,0.59,0.68,0.79,0.97,0.36,0.67,0.85) > 
ae < (0.74,0.73,0.64,0.75,0.96,0.34,0.85,0.89), (0.35,0.44,0.58,0.79,0.75,0.71,0.54,0.96), 
3 Publications 


(0.74,0.63,0.35,0.35,0.98,0.34,0.28,0.64)> 





Table 4(c): ONN by decision makers to each criterion to the candidate v. 


6.4 VIKOR Method 


Vikor method is best for solve the problem of multi criteria decision making.it is used to drive on ranking and for 
selection of a set of possibilities and solve consolation solution for a problem with aggressive criteria. Opricovic [12] 
introduced the idea of Vikor method in 1998. It is related with both positive and the negative ideal solution, it can 
change the variable into two or more alternative variables to find out the best compromise solution. By the help of 
Vikor method we can put new ideas for group decision making problem under the certain criteria. 


Vikor Method consist of following steps; 


Step 1. Normalization of decision matrix and weight assigning. 


Step 2. Now we will calculate the group unity value H;=[H?, H?’] and the individual regard value $;=[S¢, S?], where; 


Ht= > 
j 


sf-st 
igr-sf? “t 


U 





sj-st 
w;——+ 
_ 187-8} 
j 
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And 


L_ max Sij-Sj U_ max Sij-S} 
Sj “1<jsn Vj sj —s} ’ Si ~1sjsn Uj sj -S} 


J J 








Step 3. Here we will Calculate the comprehensive sorting index W,=[W;", W,”], where 


—~ _ Ay-H* §,-S* 
Wa Oa 
H~ -H 


S~ -S* 








+(1- 0) 


Now by using algorithm of interval fuzzy number: 


L L 
HE-H* st—s* 


Le 
W}=onL+(1- 0) 3 








and 


—S* 
—§* 


U * L 

HY-H st 

wl L +(1- L 
i OR a (1-9) Ss 





Here H*=™" HE, H7=™ax HY  Ge=min gl gx—max SY | Parameter o is called decision mechanism index, and it lies 
between [0,1]. Ifo >0.5, it is the decision making in the light of maximum group benefit (.e., if o is big, group utility 
is emphasized); if o=0.5, here decision making in accordance with compromise. If o <0.5, it is the decision making in 
the light of minimum individual regret value. In VIKOR, we take o =0.5 generally, that is called compromise makes 
maximum group benefit and minimum individual regret value. 


Step 4. The rank of fuzzy numbers is §; , W, and F;. 


Since S; , W, and H, are all still individual numbers, now to compare the two-interval value we use the possible degree 
theory. 


Here number of interval number A= [AX , AY), (i=1,2, 3,...,m), the comparison steps are given of these interval 
numbers; 


(a) For any two intervals numbers Aj=[Aj , Af] and Aj=[Aj , AY], now we will calculate the possible degree 
P= p(A; = Aj) and now we will construct the possible degree matrix p = (Pij)mxm, and the product by 
comparison of any two interval numbers A;=[Aj , Af] and Aj=[Aj , Aj], where i,j=1,2,3,.....m. Xu [18] 
proved that matrix p = (Pi;)mxm satisfies (p;; = 0, pi; + (0 ji=1, Pu = 0.5 (J=1,2,3,...,m) 


The matrix p = (Pij)mxm is called the fuzzy complementary judgement matrix, and we can rank the alternatives as 
follow. 


(b) The rank of interval numbers A,= [A¥ , AY], (i=1,2,3,,m) 
Ranking formula is given below 
1 m ™m é 
U; = (x ey + 5-1) J=1,2,3,...,.m 


aa m(m-1) 


The smaller 1, , is the smaller Aj= [Aj , AY] is. 





Step 5. Now we will rank the alternatives based on S; , W; and H,(i=1,2,3,...,m).here the smaller of interval number 
§; is, and the better alternative x; is. propose as a min {S; | i=1,2,3,...,m} if these two condition are satisfied[ 16]: 
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(i) § (A®))-S (AY)> 1/( m — 1), where A® called the second alternative with second position in the 
ranking list by R ; m is the number of alternatives. 
(ii) AM alternative also must be best ranked by {S;or/and R; | 1=1,2, 3...m}. 


Wormaleanon . Group Unity Comprensive Rank of Fuzzy Ranking of 


Value ~~ Sorting Index Number Alternatives 





Figure 6: Flowchart of VIKOR algorithm 


6.5 Numerical Analysis 


Suppose that U is the universal set. Let HR which is responsible for recruiting and interviewing, and wants to hire a 
new candidate in company. Three candidates § = < ¢,@,vU > apply for this opportunity, which have different 
degrees, experiences and publications. On the base of choice parameters {C, = Dergre,C, = Experience, C; = 
Publication} we apply the algorithm to find the potential candidate. 


Step 1. Associated Decision Matrix 


Candidate= ¢ Candidate= w Candidate= v 


(££, (0.72,0.35,0.71,0.77,0.41,0.73,0.77,0.81)  {€, (0.73,0.73,0.94,0.85,0.96,0.74,0.95,0.89)  {€,(0.73,0.83,0.93,0.56,0.95,0.95,0.73,0.88) \ 

(0.93,0.83,0.93,0.88 ,0.94,0.99,0.96,0.90)  (0.33,0.46,0.59,0.79,0.85,0.79,0.74,0.86) (0.76,0.95,0.69,0.94,0.94,0.63,0.55,0.61)} 
(0.86,0.95,0.99,0.97,0.94,0.93,0.95,0.91)} _(0.48,0.33,0.55,0.75,0.68,0.64,0.36,0.70)} (0.74,0.73,0.85,0.75,0.48,0.34,0.66,0.74)} 

{C,(0.75,0.65,0.96,0.54,0.73,0.65,0.83,0.56)  {,(0.75,0.55,0.96,0.54,0.93,0.65,0.73,0.56)  {€,(0.73,0.65,0.96,0.54,0.63,0.65,0.81,0.59) 
(0.75,0.45,0.95,0.38,0.68,0.79,0.57,0.13) (0.93,0.83,0.83,0.58 ,0.84,0.69,0.76,0.80) (0.75,0.45,0.85,0.38,0.78,0.79,0.67,0.13) 

(0.36,0.59,0.68,0.79,0.47,0.36,0.47,0.95)}  _(0.66,0.59,0.68,0.99,0.47,0.46,0.87,0.95)} _(0.38,0.59,0.68,0.79,0.97,0.36,0.67,0.85)} 

{€, (0.74,0.73,0.64,0.75,0.96,0.34,0.85,0.89)  {C,(0.94,0.93,0.74,0.95,0.96,0.94,0.85,0.99)  {€,(0.74,0.73,0.64,0.75,0.96,0.34,0.85,0.89) 

(0..35,0.46,0.58,0.79,0.85,0.71,0.64,0.96) (0-28,0.26,0.58,0.35,0.45,0.61,0.64,0.36) (0.35,0.44,0.58,0.79,0.75,0.71,0.54.0.96) 

(0.84,0.73,0.85,0.75,0.98,0.84,0.66,0.94)} (0.28,0.23,0.25,0.45,0.68,0.44,0.26,0.34)} _(0.74,0.63,0.35,0.35,0.98,0.34,0.28,0.64)} 


De-Neutrosophication of Octagonal Neutrosophic number by, 











Diy - Eee, pinoy = cz tetova sete'), DF Noy = es tetova pets 
The associated neutrosophic matrix is, 
(0.65,0.92,0.93) (0.84,0.67,0.56) (0.82,0.88,0.66) 
X =| (0.70,0.59,0.58) (0.70,0.78,0.70) (0.69,0.60,0.66) 
(0.86,0.66,0.82 ) (0.91,0.44,0.36) (0.73,0.64,0.49) 


The associated fuzzy matrix is, 
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(0.8333) (0.6900) (0.7866) 
X =( (0.6233) (0.7266) (0.6500) 
(0.7800 ) (0.5700) (0.6200) 


After calculating normalized decision matrix, we determine the positive ideal solution as well as negative ideal 
solution 


r*={(0.65,0.92,0.93)} 17 ={(0.91,0.44,0.36)} 

Step 2. Calculate the group utility value as A,= [H', H?] and §,;= [S', S?] 
H,= [0.2769,0.2000] H, =[0.1076,0.3846] H3 =[0.4230,0.2230] 

And — §, =[0.1461,0.1615] S, =[0.0384,0.2000] S3= [0.2000,0.1307] 

Step 3. Now we will calculate the comprehensive sorting index W,= [W}, W,”] 

W1 =0.0506 

W2 =0.0275 

W3 =0.0163 

Step 4. Calculation of H; ,W; and S; 

S1 = 0.2767 H1 = 0.1088 W1 =0.0506 

S2 = 0.2394 H2 = 0.1165 W2 =0.0275 

S3 = 0.2530 H3 = 0.1066 W3 = 0.0163 

Step 5. Ordering of H; ,W; and S; 

Order the alternatives, listed by the values Si; Hi and Wi: 

S2=0.2394 H3=0.1066 W3=0.0163 

S3 =0.2530 H1=0.1088 W2=0.0275 

S1=0.2767  H2=0.1165 W1=0.0506 


According to the ranking S3 is the potential candidate for the company. 


Ls Conclusion 


The concept of octagonal neutrosophic number has sufficient scope of utilization in different studies in various 
domain. In this paper, we proposed a new concept of octagonal neutrosophic number ONN, notion and graphical 
representation. The de-neutrosophication technique is carried out by implementing accuracy function and following 
points were concluded. 


e The octagonal neutrosophic number, function and graph add a new tool for modeling different aspects of 
daily life issues, science and environment. 

e Since this study has not yet been studied yet, the comparative study cannot be done with the 
existing methods. 
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e Detailed illustrations of truthiness, indeterminacy, falsity and de-neutrosophication techniques will provide 
all the required information in one platform to model any real-world problem. 


In forthcoming work, authors will define the types Symmetric, Asymmetric, along with their a-cuts. Proposed work 
can be used to model different dynamics, of applied sciences, such as MCDM and networking problems, etc. 
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Abstract 


In this paper, we present and study some of the basic properties of the new class of sets called weakly b-closed 
sets and weakly b- open sets in fuzzy neutrosophic bi-topological spaces. We referred to some results related to the 
new definitions, which we taked the case of equal in the definition of b-sets instead of subset. Then, we discussed 
the relations between the new defined sets by hand and others fuzzy neutrosophic sets which were studied before us 
on the other hand on fuzzy neutrosophic bi-topological spaces. Then, we have studied some of characteristics and 
some relations are compared with necessary examples. 


Keywords: Fuzzy neutrosophic sets, Fuzzy neutrosophic bi-topology, Fuzzy neutrosophic weakly b-closed sets, 
Fuzzy neutrosophic weakly b-open sets. 


1.Introduction 


The notion of fuzzy set "FS" proved was show by L. Zadeh [1] where the membership of any element to this set 
"FS" be a single falue between 0 and 1. After that K Atanassov [2-4] introduced the notion of intuitionistic fuzzy 
sets "IFS" which was generalization of "FS", where the elements have membership and non-membership value 
between the same interval 0 and 1. As proved and indulged F. Smarandache [5] introduced the concept of 
neutrosophic sets "NSs" where he added the independed value between the value of "IFS" also in the same value, 0 
and 1, then in the next papers [6], studied the neutrosophic topological spaces "NTSs" on the non standard interval 
which made many important consequences and theorems so as so, foundation for all family of new mathematical 
theories generalizing both their fuzzy topology counterparts and old classical topology, A. A. Salama [7] studied the 
term of neutrosophic topology "NT". Finally, Y.Veereswari [8] gave an introduction of fuzzy neutrosophic 
topological spaces "FNTSs". 


The concept of fuzzy neutrosophic weakly-a™ generalized closed set and fuzzy neutrosophic b-closed sets "FN-b- 
CS" was introduced and studied by F. Mohammed [9,10]. The term of bi-topological spaces was studied in 
neutrosophic topology by R. Al-Hamido [11-13], so in this paper we will show the idea of fuzzy neutrosophic 
weakly b-closed and fuzzy neutrosophic weakly b-closed sets also investigated some their properties on fuzzy 
neutrosophic bi-topological spaces and we getting some neccesarly properties as generalized of many authors 
studying, for more details and information about the applications of neutrosophic theory in new trends see [14-21]. 
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2. Preliminaries: 


In this section of our study, we will refer to some basic definition and operations which are necessarily in our 
work. 


Definition 2.1 [7]: "Let Un be a non-empty fixed set. The fuzzy neutrosophic set (FNS) un is an object having the 
form uy ={< u, Aun(u), Yun(u), Vun(u)>: u € Un} where the functions A,\(u), Yun(u),Vun(u): Un > [0,1] denote the 
degree of membership function (namely A,(u)), the degree of indeterminacy function (namely y,(u)) and the 
degree of non-membership function (namely Vin(u)) respectively of each element ue Un to the set wy and 0 < 
Aun(u)+ yun() +Vun(u) < 3, for each u € Un". 


Remark 2.2: "FNS uw = {< u, Aun(), Oun(u), Vun(u) >: u EUy} can be identified to an ordered triple < u, Aun, Gun, 
Vun > in [0,1] on Un". 


Lemma 2.3 [8]: "Let Uy be a non-empty set and the FNSs sy and yw be in the form: 
Ln = {<U, Aun, Onn, Vun> } and yw={<u, Ayn, Oyn, Vyw>} on Uy. Then, 


(i) Ln © yn iff dun Syn, Gun S yn and Vyun 2 Vyn, 

(ii) Ln = yniff un Synand yn € yn, 

(iii) (uny® ={< u, Vun, 1-oun, Aun >}, 

(iv) Ln UYyn ={< u, Mx( dun, Ayn), Mx( oun, Oyn ), Mrn( Vun, Vyn) >}, 
(v) bn O yn =< u, Mn( dun, Ayn), Mn oun, oyn), Mx(Viun, Ven) >}, 
(vi) On = {< u, 0,0, 1>f and In={<u, 1, 1,0>}." 


Definition 2.4 [8]: "A Fuzzy neutrosophic topology ( For short, FNT) on a non-empty set Uy is a family Ty of 
fuzzy neutrosophic subset in Uy satisfying the following axioms. 


Gj Og TrETs 
(ii) Hn) Mn2 € Ty Veni, nz € Ty, 
(iii) Onj ETy, Vf unj ij EJ} CTN. 


In this case the pair (Uy, Ty) is called fuzzy neutrosophic topological space ( for short, FNTS). The elements of Ty 
are called fuzzy neutrosophic-open sets ( for short, FN-OS ). The complement of FN-OS in the FNTS (Uy, Ty ) is 
called fuzzy neutrosophic- closed set (for short, FN-CS)." 


Definition 2.5 [8]: "Let (Un, Ty ) is FNTS and wy =< u, Aun, Oun, Vun > is FNS in Uy. Then the fuzzy neutrosophic- 
closure (for short, FN-C7 ) and the fuzzy neutrosophic -interior (for short, FN-In) of ww are defined by: 


FN-Cl( un) = 1 f yn: ywis FN-CS set in U and un © yn f, 
FN-In (un) = Uf yn: ynis FN-OS set in U and yn © un }. 
Now, the FN-CI (uy) is FN-CS set and FN-In(un) is FN-OS. set in Un. 
Further, 
(i) nis FN-CS in U iff FN-Cl(un) = un, 
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(ii) Unis FN-OS in U iff FN-In(un) = wy." 
Definition 2.6 [9,10]: "The FNS Ayin FNTS (Uy, Tw) is called: 


(i) Fuzzy neutrosophic regular-open set (FNR-OS) iff uz =FN-In(FN-Cl(un)), 

(ii) Fuzzy neutrosophic regular-closed set (FNR-CS.) iff uw = FN-Cl(FN-In(un)), 
(iii) Fuzzy neutrosophic semi-open set (FNS-OS) iff un © FN-Cl(FN-In(un)), 

(iv) Fuzzy neutrosophic semi-closed set (FNS-CS) iff F'N-In(F'N-Cl(un)) © un, 

(v) Fuzzy neutrosophic pre-open set (FNP-OS) iff ua © FN-In(FN-Cl(un)), 

(vi) Fuzzy neutrosophic pre-closed set (FNP-CS) iff FN-CI(FN-In(un)) © pn, 

(vii) Fuzzy neutrosophic a-open set (FNa-OS) iff “wv & FN-In(FN-Cl(FN-In(un))), 
(viii) | Fuzzy neutrosophic a-closed set (FNa-CS) iff FN-Cl(F'N-In(F'N-Cl(un))) © pn, 
(ix) Fuzzy neutrosophic B-open set (FNB-OS) iff wy S FN-Cl(FN-In(FN-Cl(un))), 
(x) Fuzzy neutrosophic B-closed set (FNB-CS) iff FN-In(FN-C1I(F'N-In(un))) & uw." 


Definition 2.7 [7]: "A fuzzy neutrosophic set K in FNTS Un is called fuzzy neutrosophic b-open set (for short, FNb- 
OS) if and only if K < In(Cl(K))VCl(In (K))." 


Definition 2.8 [15]: "A fuzzy neutrosophic set K in FNTS Uy is called fuzzy neutrosophic b-closed (for short, FNb- 
CS) set iff In(Cl K) VCl(In K) < K." 


Definition 2.9 [11]: "Let Uy be a non-empty set and (U, Ty), (U, Tx2) be two topological spaces then, the triple (Uy, 
Ty1, Tx2) is a fuzzy neutrosophic bi-topological space ( for short, FN-bi-TS )." 


Definition 2.10 [11]: "Let Uy be a non-empty set and Ty, Ty2 be two topologies on Uy. A subset A of Uy is called 
fuzzy neutrosophic bi-open set ( for short, FN-OS ) if A € Ty/U Ty. A is called fuzzy neutrosophic bi-closed set ( for 
short, FN-CS) if /,-4 is FN-OS. 


Definition 2.11 [18]: "A FNS K in FN-bi-TS (U, Ty, Ty2) is called fuzzy neutrosophic nowhere dense set if there 
exists no FN-OS. set V such that VS FN-CI(K). That is FN-In(FN-CI(K)) = On." 


Remark 2.12 [15]: "Let K be a FNS in FN-bi-TS (U, Tui, Tnz). If K is a fuzzy neutrosophic nowhere dense set in 
(Un, Twi, Tz), then, FN-Jn(K) = On." 


3.Weakly b-Closed Sets and Weakly b-open Sets in Fuzzy Neutrosophic bi-Topological Spaces 


In this section, we introduce the concepts of weakly b-closed sets and weakly b-open sets and study some of their 
characteristics on fuzzy neutrosophic bi-topological spaces. 


Definition 3.1: A FNS K in a FN-bi-TS (Uy,7m, Ty2) is said to be a fuzzy neutrosophic weakly b-closed set (for 
short, FNWb-CS) if FN-In(FN-Cl(K)) 1. FN-Cl(FN-In(K)) = K. The complement /y-K of a FNWb-CS in a FN-bi- 
TS (Un, Tm, Tw2) is called a fuzzy neutrosophic weakly b-open set ( for short, FNWb-OS) in Uy. The family of all 
FNWbD-CS of a FN-bi-TS (Un, Ti, Ty) is denoted by FNWb-CS(Uy). 


Example 3.2: Let Un = {a, b} on Ty: = {0n, Ei, Inf and Tn2 ={0n, In} where E) = < u, (0.44, 0.45), (0.44, 0.6), (0.2, 
0.31) > is a FN-bi-TS on Uy. 
Let K = <u, (0.4,, 0.45), (0.02, 0.05), (0.24, 0.35) >. 


Now, FN-In(FN-Cl(K)) 1 FN-Cl(FN-In(K)) = Ey O1y- E1 = E; =K. 
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Then, K is a FNWb-CS in FN-bi-TS (Un, Tm, Tz). 

Remark 3.3: The following cases are independent to each other in general in a FN-bi-TS (Uy, Tm, Ty2). 

(i) FN-CS and FNWb-CS. 

(ii) FNR-CS and FNWb-CS. 

(iii) FNP-CS and FNWb-CS. 

(iv) FNa-CS and FNWb-CS. 

Example 3.4: In Example 3.2,we have: 

(1) K is a FNWb-CS but not a FN-CS in U as FN-CI(K) = In-Ej¢ K. 

(2) K =< u, (0.44, 0.65), (0.5a, 0.54), (0.4a, 0.4) > is a FN-CS as FN-CI(K) =1y-E; = K, but nota FNWb-CS in Un 
as FN-In(FN-CI(K)) 1 FN-CI(FN-In(K)) = E; #K. 

(3) K = <u, (0.44, 0.40), (0.50, 0.50), (0.4a, 0.6b) > is a FNWb-CS in Un, but not a FNR-CS in Un as 
FN-CI(FN-In(K)) = In-E1 # K. 

(4) K = <u, (0.44, 0.63), (0.50, 0.51), (0.4a, 0.43) > is a FNR-CS in Un as FN-Cl(FN-In(K)) = 1y-E1= K, but not a 
FNWb-CS in Un as FN-In(FN-CI(K)) 0 FN-CI(FN-In(K)) # K. 

(5) K =< u, (0.44, 0.65), (0.51, 0.55), (0.4a, 0.4) > is a FNP-CS in Un as FN-CI(FN-In(K)) = ly-E1S K, but not a 
FNWD-CS in Un as FN-In(FN-CI(K)) 1 FN-C1I(FN-In(K)) # K. 

(6) K =< u, (0.44, 0.43), (0.50, 0.51), (0.4a, 0.63) > is a FNWb-CS in Un but not a FNP-CS in Un as 
FN-CI(FN-In(K)) = In-E1 EK. 

(7) K = <u, (0.44, 0.63), (0.50, 0.54), (0.4a, 0.43) > is a FN-aclos. set in Un as FN-C1(F'N-In(FN-C1(K))) = In-E1 GS 
K, but not a FNWb-CS in Un as F'N-In(FN-C1(K)) 0 FN-CI(FN-In(K)) = E; #K. 

(8) K = <u, (0.44, 0.45), (0.50, 0.51), (0.4a, 0.63) > is a FNWb-CS in Un as F'N-In(FN-CI(K)) 0 FN-CI(FN-In(K)) = 
E, = K, but not a FNa-CS in Un as FN-Cl(FN-In(FN-Cl(K))) = In- Ey EK. 

Theorem 3.5 : Let (Uy, Tu, Tx2) be a FN-bI-TS, then: 

(i) Every FNWb-CS is a FNb-CS. 

(ii) Every FNWb-CS is an FNS-CS. 

(iii) Every FNWb-CS is a FNB-CS. 

Proof : (i) Let K be a FNWb-CS in FN-bi-TS ((Uy, Ti, Ty2), 

Then, FN-In(FN-CI(K)) 0 FN-Cl(FN-In(K)) = K. 
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Now, as K © K,, we get FN-In(FN-CI(K)) 1) FN-CI(FN-In(K)) © K. 
Therefore, K is a FNb-CS in (Uy, Tm, Twz). 
(ii): Let K be a FNWb-CS in FN-bi-TS (Uw, Tm, Ty2). 
Then, FN-In(FN-CI(K)) 0 FN-Cl(FN-In(K)) = K. 
Now, as FN-In(FN-Cl(K)) = FN-In(FN-Cl(FN-In(FN-CI(K) 0 FN-Cl(FN-In(K)))) 

© FN-In(FN-Cl(FN-CI(K) 0 FN-CI(FN-In(K)))) 

© FN-In(FN-CI(K)) 0 FN-CI(FN-In(K))) = K. 
Hence, K is a FNS-CS in (Uy, Tm, Two). 
(iii): Let K be a FNWb-CS in FN-bi-TS (Uy, Tm, Tyz). 
Then, FN-In(FN-CI(K)) 1 FN-CI(FN-In(K)) = K. 
Now, FN-In(FN-Cl(FN-In(K))) = FN-In(FN-Cl(FN-In(K))) 0 FN-Cl(FN-In(K)) 

© FN-In(FN-CI(K)) N FN-Cl(FN-In(K)) = K. 

Therefore, we have FN-In(F'N-Cl(FN-In(K))) © K. 
Hence, K is a FNB-CS in (Uy, Tm, Tz). 
Note: The converse of Theorem 3.5 is not true in general. 
Example 3.6: In Example 3.2 
(1) Let K = <u, (0.44, 0.60), (0.50, 0.59), (0.40, 0.45) >. 
Then, FN-In(FN-CI(K)) 0 FN-CI(FN-In(K)) = E1# K. 
Therefore, K is a FNb-CS but, not a FNWb-CS Un as F'N-In(FN-CI(K)) 0 FN-CI(FN-In(K)) # K. 
(2) IfK = <u, (0.44, 0.60), (0.54, 0.5»), (0.4, 0.4p)> is a FNS-CS in Un as FN-In(FN-Cl(K)) = E; & K, but nota 
FNWb-CS. 
(3) If K=< u, (0.44, 0.63), (0.50, 0.55), (0.40, 0.45) > is a FNB-CS in Uy as 
FN-In(FN-Cl(FN-In(K))) = E1 & Iy-Er but, not a FNWb-CS in Un as FN-In(FN-CI(K)) 1 FN-C1(FN-In(K)) # K. 
Definition 3.7: Let (Uy, Ty, Tx2) be a FN-bi-TS, then the subset K of Uy is called FN-clopen set (for shortly, FN- 
CLOP) iff K is FN-CS and FN-OS in the same time. 
Remark 3.8 : Every FN- CLOP set is both FNR-OS and FNR-CS. 
Proposition 3.9: Let (Un, Tm, Tx2) be a FN-bi-TS, then: 
(i) If K is both a FNR-OS and a FNR-CS then, K is a FNWb-CS. 
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(ii) If K is both a FN-CLOP set then, K is a FNWb-CS. 
Proof: (i) Let K be both FNR-OS and FNR-CS in FN-bi-TS (Uy, Tm, Ty2). 
Then, FN-In(FN-CI(K)) 0 FN-CI(FN-In(K)) = K 01 K= K => K isa FNWb-CS. 
(ii) Let K be a FN-CLOP set in FN-bi-TS (Uw, Tui, Twz). 
Then, FN-In(FN-CI(K)) 0 FN-CI(FN-In(K)) = FN-In(K) 1 FN-CI(K) = FN-In(K) = K. 
Therefore, K is a FNWb-CS. 
Theorem 3.10: If K is both a FNWb-CS and a FN-CS in FN-bi-TS (Uy, Ti, Tz) then, K is a FN-OS. 
Proof: Let K be both a FNWb-CS and a FN-CS in FN-b1-TS (Uy, Ti, Ty2). 
Then, K = FN-In(FN-CI(K)) 1 FN-CI(FN-In(K)). 
Now, K = FN-In(FN-CI(K)) 0 FN-Cl(FN-In(K)) 
= FN-In(K) 0 FN-CI(FN-In(K)) = FN-In(K). 
Therefore, K is a FN-OS in FN-bi-TS ((Un, Ti, Ty2). 
Definition 3.11: Let (Ux, Tm, Tx2) is FNTS and wy =< u, Aun, Onn, Vun > is FNS in Uy. Then the fuzzy neutrosophic 
semi-closure (for short, FN-sC/ ) and the fuzzy neutrosophic —semi interior (for short, FN-sJn) of uy are defined 
by: 
FN-sCl( un) = { yn: ynis FNS-CS in U and un Gyn }= un UFN-In(FN-Cl(un)), 
FN-sIn (un) = Uf yn: yn is FNS-OS in U and yn © un f=. 
Theorem 3.12: For any FNWb-CS K in a FN-bi-TS (Uy, 71, Ty), the following conditions hold: 
(i) If K is a FNR-OS then, FN-sCl(K) is a FNWb-CS. 
(ii) If K is a FNR-CS then, FN-sIn(K) is a FNWb-CS. 
Proof:(i) Let K be a FNR-OS in FN-bi-TS (Uy, Tm, T2).Then, FN-/n(F'N-CI(K)) = K. 
By definition, we have FN-sCl(K) = K UFN-In(FN-CI(K)) = K UK = K, by hypothesis. 
Since, K is a FNWb-CS in (Uy, Tm, Tz), FN-sCI(K) is a FNWb-CS in Uy,. 
(ii) Let K be a FNR-CS in (Uy, Ty, Ty2), then, FN-CI(FN-In(K)) = K. 
By definition, we have FN-sIn(K) = K 1 FN-Cl(FN-In(K)) = K 1 K = K, by hypothesis. 
Since, K is a FNWb-CS in(Uy, Tm, Tx2), FN-sIn(K) isa FNWb-CS. 
Theorem 3.13: For a FNS K in FN-bi-TS (Uy, Tm, Ty2), the following conditions are equivalent: 
(i) K is both a FN-OS and a FNWb-CS. 
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(ii) K is a FNR-OS. 

Proof: (i) => (ii) Let K be a FN-OS and a FNWb-CS in FN-bi-TS (Uw, Ti, Twz). 

Then, FN-Cl(FN-In(K)) 0 FN-In(FN-CI(K)) = K and FN-In(FN-CI(K)) (. FN-CI(K) = K, 

Therefore, K = FN-In(FN-CI(K)). 

Hence, K is a FNR-OS in (Uy, Tm, Ty2). 

(ii)=> (i) Let K be a FNR-OS in FN-bi-TS(Uy, Tui, Ty2). 

Since every FNR-OS is a FN-OS, K is a FN-OS in (Uy, Tm, Tz) and K = FN-In(FN-Cl(K)). 

Now, FN-In(FN-CI(K)) 0 FN-CI(FN-In(K)) = K (1 FN-CI(FN-In(K)) = K 0 FN- CI(K) = K. 

Hence, K is a FNWb-CS in FN-bi-TS (Uy, Ty, Ty2). 

Definition 3.14: A FNS K in a FN-bi-TS (Uy, Ty, Ty2) is said to be a fuzzy neutrosophic weakly b-open set ( for 
short, FNWb-OS) iff K = FN-In(FN-CI(K)) U FN-CI(FN-In(K)). 

The family of all FNWb-OS of a FN-bi-TS (Un, T1, Tz) is denoted by FNWb-OS(Uy). 

Example 3.15: In Example 3.2, 

Let K =< u, (0.4, 0.65), (0.50, 0.50), (0.44, 0.4,) > be a FNS in (Un, Tm, Tn). 

Now, FN-In(FN-CI( 1y-K )) 0 Fn-Cl(FN-In( In-K )) = E1 (1 1y-E) = E1 = 1y-K = Iy-K is a FNWb-CS 

= Iy-K isa FNWb-CS in (Un, Tm, Two). 

Hence, K is a FNWb-OS in (Un, Tm, Ty2). 

Theorem 3.16: Every FNWb-OS are FNb-OS ( FNS-OS., FNB-OS) but not conversely in general. 

Proof: Straight forward. 

Example 3.17: Obvious from Example 3.6 (1), (2), (3) by taking complement of K in the respective examples. 
Theorem 3.18: Every FN-OS, FNR-OS, FNP-OS and FNa-OS are independent to FNWb-OS in FN-bi-TS (Uy, Tm, 
Tw2) and vice versa in general. 

Example 3.19: Obvious from Example 3.4 (1), (2), (3), (4), (5), (6), (7), (8), by taking the complement of A in the 
respective examples. 

Theorem 3.20: If K is a FNWb-OS and fuzzy neutrosophic nowhere dense in FN-bi-TS ((Un, Tm, Tz), then: 

(i) Kis a FNR-CS. 

(ii) K is a FNS-CS. 

(iii) K is a FNa-CS. 
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(iv) K is a FNB-CS. 

Proof: (i) Let K be a FNWb-OS and fuzzy neutrosophic nowhere dense in FN-bi-TS (Uy, Tm, Ty2). 
Then, K = FN-In(FN-CI(K)) U FN-CI(FN-In(K)) = Ov UFN-Cl(FN-In(K)) = FN-CI(FN-In(K)). 
Therefore, FN-Cl(FN-In(K)) = K. 

Hence, K is a FNR-CS in (Uy, Tm, Ty2). 

(ii) Let K be a FNWb-OS and fuzzy neutrosophic nowhere dense in FN-bi-TS (Uy, Tm, Tz). 

Then, K & FN-In(FN-CI(K)) U FN-CI(FN-In(K)) = Ov U FN-Cl(FN-In(K)) & FN-CI(FN-In(K)). 
Therefore, K © FN-Cl( FN-In(K)). 

Hence, K is a FNS-CS in (Un, Tm, Ty). 

(iii) Let K be a FNWb-OS and fuzzy neutrosophic nowhere dense in FN-bi-TS (Uy, Tm, Tyo). 
Then, FN-In(FN-CI(K)) U FN-In(FN-Cl(FN-In(K))) © K 

Now, On U FN-In(FN-CI(FN-In(K))) & K. 

Therefore, FN-In(FN-CI(FN-In(K))) & K. 

Hence, K is a FNa-CS in (Uy, Tm, Ty2). 

(iv) Let K be a FNWb-OS and fuzzy neutrosophic nowhere dense in FN-bi-TS (Uy, Tm, Ty2). 
Then, FN-Jn(FN-CI(K)) U FN-In(FN-Cl(FN-In(K))) © K. 

Now, On U FN-In(FN-CI(FN-In(K))) & K. 

Therefore, FN-In(FN-Cl(FN-In(K))) SK. 

Hence, K is a FNB-CS in (Un, Ti, Ty2). 

Theorem 3.21: If K is both a FNWb-OS and a FN-OS then, K is a FN-CS in FN-bi-TS (Un, Ty, Ty2). 
Proof: Let K be both a FNWb-OS and a FN-OS in FN-bi-TS (Uy, Tui, Ty2). 

Then, K = FN-In(FN-CI(K)) U FN-Cl(FN-In(K)). 

Now, K = FN-In(FN-Cl(K)) U FN-CI(FN-In(K)) = FN-In(FN-Cl(K)) U FN-Cl(K) = FN-CI(K). 
Hence, K is a FN-CS in (Uy, Tm, Tyo). 

Theorem 3.22: Let K be a FNWb-OS in a FN-bi-TS (Uy, Ti, Ty2), such that F’N-In(K) = Oy, then, K is a FNP-OS. 
Proof: Let K be a FNWb-OS then, K is a FNb-OS in FN-bi-TS ((Un, Tm, Tn2). 

Now, K © FN-In(FN-Cl(K)) U FN-Cl(FN-In(K)) & FN-In(FN-Cl(K)) U On & FN-In(FN-CI(K)). 


Hence, K © FN-In(FN-CI(K)). 


DOT: 10.5281/zenodo.3900321 Al 


International Journal of Neutrosophic Science (INS) Vol. 8 No. 1, PP. 34-43, 2020 





So, K is a FNP-OS in FN-bi-TS (Uy, Tm, Ty2). 


4.Conclusions 


In this paper, we have introduced a new class of sets called fuzzy neutrosophic weakly b-closed sets and fuzzy 
neutrosophic weakly b-open sets via fuzzy nutrosophic topological spaces. Many results have been studied as 
generalization of classical fuzzy topology and intuitionistic fuzzy topology and applied in the field of fuzzy bi- 
neutrosophic topology. After giving some ideas to compared the already existing new sets with the others existing 
closed sets by definitions, theorems and propositions. Some interesting properties were investigated in addition, we 
have provided some examples where such properties failed to be preserved via fuzzy neutrosophic bi-topological 
spaces. We think, our studied class of sets belongs to the important class of fuzzy neutrosophic closed sets which is 
very useful not only in the deepening of our understanding of some special features of the already well-known 
notions of fuzzy neutrosophic topology but also proves useful in neutrosophic control theory. 
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ABSTRACT. 


This paper aims to introduce and study some new neutrosophic fuzzy pairwise notions via neutrosophic fuzzy ideals. 
We, also generalize the notion of FPL-open sets. In addition to generalizing the concept of FPL-closed sets and NPL- 
open function, the relationship between the above new neutrosophic Fuzzy pairwise notions and there other relevant 
classes are investigated. In Geographical information systems (GIS) there is a need to statistically model spatial 
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Introduction 


Since the world is full of indeterminacy, the neutrosophic found their place into contemporary research. The 
neutrosophic set was introduced by Smarandache in [3,4,7] and Salama et al. [5, 6, 8,10, 11, 12, 13, 14] introduced 
the neutrosophic crisp set, neutrosophic topological spaces and many applications in statistics, computer science and 
information systems. Neutrosophy has laid the foundation for a whole family of new mathematical theories 
generalizing both their classical and fuzzy counterparts, such as neutrosophic set theory, in this paper is to introduce 
and study some new neutrosophic fuzzy pairwise notion via neutrosophic fuzzy pairwise ideals. We, also generalize 
the notion of FPL-open sets due to Abd El-Monsef, et. al [1, 2]. In addition to generalizing the concept of FPL-closed 
sets. In Geographical information systems (GIS) there is a need to statistically model spatial regions with indeterminate 
boundary and under indeterminacy. Possible applications to GIS rules are touched upon. 


PRELIMINARIES 
We recollect some relevant basic preliminaries, and in particular, the work of Smarandache in [3, 4, 7], and 
Salama et al. [8-13]. 


2. Neutrosophic Fuzzy Pairwise Set and its Neutrosophic Fuzzy Pairwise Local Function. 


Definition 2.1. Given (X,t;), ie{1,2} be an NFTS with neutrosophic fuzzy ideal L on X, p, 0, uel*. Then <p,0,u> 
is said to be: 


(i) Neutrosophic fuzzy pairwise t*;-closed,i€ {1,2} may have two types 
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Type 1: if u*<p, u*> u, o*<o . 
Type 2: if u*<p, u*>u, o*20 
(or PN-*closed) if <u,0,u>* < <p1,0,u> 

(ii) Fuzzy neutrosophic pairwise NPL-dense — in — itself may have two types 

Type 1: if u*<p,u*> u, o*<o. 
Type 2: if u*<p,u*> u, o*20 
(or PN*-dense- in — itself ) if<p,o,u> G<p,o,u> *. 

(iii) Neutrosophic fuzzy pairwise*-perfect if <u,o,u> is PN*-closed and PN*- dense — in itself. 
Theorem 2.1: Given (X,T;), ie{1,2} be a nfbts with neutrosophic fuzzy ideal L on X , p, 0, uel* then <p,o,u> is 
(i) PN*- closed iff Ncl*(<p,o,u> ) =<p,0,u> . 

(ii) PN*- dense — in — itself iff Ncl*(<p,0,u> )= <p,0,u> *. 
(iii) PN*- perfect iff Ncl*(<p,0,u> )= <up,0,u>*=<p,0,u> . 


Proof: Follows directly from the neutrosophic fuzzy pairwise closure operator Ncl* for a neutrosophic fuzzy pairwise 
t*i(L),i € {1,2} in and Definition 2.1. 


Remark 2.1: One can deduce that 


(i) Every PN*-dense- in — itself is a neutrosophic fuzzy pairwise dense set. 


(ii) Every neutrosophic fuzzy pairwise closed (resp. neutrosophic fuzzy pairwise open) set is PN*-closed (resp. 
PNt*; — open, i € {1,2}). 


Corollary 2.1: Given (X,z;), ie{1,2} be a nfbts with neutrosophic fuzzy ideal L on X , < p,0,u > et; then we have : 
(i) If <p,0,u> is PN*-closed then <p,o,u>* < Nint(<p,0,u> ) < Nel(<p,0,u> ). 

(ii) If<p,o,u> is PN*-dense- itself then Nint(<p,0,u>) < <p,o,u>*. 

(iii) If <p,0,u> is PN*- perfect then Nint(<p,0,u>) = Nel(<p,0,u>) = <p,o,u>*. 


Proof: Obvious. 


Theorem 2.2: Given (X,z;), ie{1,2} be a nfbts with neutrosophic fuzzy ideal L,on X , p, 0, uel* then we have the 
following: <pL,0,u> is neutrosophic fuzzy pairwise a - closed iff <p,o,u> is PN*- closed. 


Proof: Its clear. 
Corollary 2.2: For a nbts (X,t;), ie{1,2} with neutrosophic fuzzy ideal L on X, p, 0, uel”, the following holds: 
(i) If <p,0,u> EPNC(X) then <p,0,u> is PN*- closed. 
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(ii) If <p,0,u> EPNBC(X) then Nint (Nint(<p,0,u>*)) < <p,o,u>. 

(iti) If <p,o,u> EPNSC(X) then Nint(<u,0,u>*) < <p,o,u>. 

Proof: Obvious. 

3. Neutrosophic Fuzzy Pairwise L-Open and Neutrosophic Fuzzy Pairwise L- Closed Sets. 


Definition 3.1. Given (X,t;), ie{1,2} be a NFBTS with neutrosophic fuzzy ideal L on X , yu, o, uel* and <p,0,u> is 
called a neutrosophic fuzzy pairwise NL -open set iff there exists <& p,@ > et;, ie{1,2}, P =< p,, pz, p3 > such that 
<p,0,u >< &p,0 > P(< p,0,u >*)(L, 7;), ie{1,2}. 


We will denote the family of all neutrosophic fuzzy pairwise NL —open (X,t,) = p09, uel*:< p,o,u > & 
T, — Nint[P(< p,0,u >*)(L,1,) Jand < p,0,u >€ Tt, — Nint[P(< p,o0,u >*)(L, T2)], ie{1,2} (simplify NPLO(X)) 
when there is no chance for confusion. 


Theorem 3.1; Let (X,1;), ie{1,2} be a nfbts with neutrosophic fuzzy ideal L, then < p,0,u > eNPOL(X) 

iff< p,o,u >S tj —- int(P(< u,o,u >*)(L, 1) )for ie{1,2}, P =< py, pz,p3 >. 

Proof: Assume that < p,0,u > eNPOL(X) then Definition 3.1.1. there exists <é,p,@ > €T; 

such that < p,0,u >S < §p,6 >€ P(< p,0,u >*)(L, 7), ie{1,2}. But Nint(P(< LW, 0,U >*)) Cc P(< p,0,u >*), 
put <&p,0 >= Nint(P(< p,0,u >*)). Hence < p,0,u >S Nint(P(< p,6,u >*)). 

Conversely < p,o,u > © Nint(P(< p,0,u >*)) S P(< p,o,u >"). 

Then there exists <é,p,@ >= Nint(P(< p,0,u >*))et;. Hence < u,o,u > in NPLO(X). 


Definition 3.2. The largest t; - NPL — open(simply t; — NPLO(X)) set contained in < p,0,u > is called a 
t; — NPL — neutrosophic interior of < p,0,u >. The complement of the neutrosophic fuzzy pairwise NL-open 
subset of X is a neutrosophic fuzzy pairwise NL-closed subset of X (simply NPLC(X)). 


We denoted by NPL-Nint(< p,0,u >). 
Theorem 3.2. Let (X,1;), ie{1,2} be a nfbts with neutrosophic fuzzy ideal L, p, o, uel* and j is an arbitrary set then 


i- The union of neutrosophic fuzzy pairwise NL-open subsets may be neutrosophic fuzzy neutrosophic pairwise NL- 
open. 


ii- Ifv =< v4,V 2,V3 > is neutrosophic fuzzy pairwise open and <p1,0,u> may be neutrosophic fuzzy pairwise NL- 
open subset of X. Then < p,0,u >N v may be pairwise NL-open subset. 


Proof. (i) Let {< p,0,u >: Jej} be a family of NPLO(X). Then for each 
Je, << Hou SST - Nint(p < 4,0,u >") 


and so Yj < p,0,u >yS Yt — Nint (p <o,u >* ) C 1 — Nint(¥jp < wo,u >") 


J 
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(ii) Assume that v =< v1,V 2,V3 > 1s neutrosophic fuzzy pairwise open and <u,0,u> may be neutrosophic fuzzy 
pairwise NL-open subsets of X. 


Then < p,o,u >NveEvn (x; - Nint(P(< H,0,U >*))) Ct%— Nint(v NP(<p,0,u >*)) Cc 
Tt; — NintP(v N< p,0,u >)*. 


Definition 3.3. Let (X,7;), ie{1,2} be a nfbts with neutrosophic fuzzy ideal L on X, p, o, uel*. Then <p1,0,u> is said to 
be neutrosophic fuzzy. 


i- T; - closed ifft*; — Ncl*(< p,o,u> ) =<p,o,u >. 

ii- tT"; — dense — in — itself if < u,o,u >& P(< p,0,u >*)(L,T). 

ili- tT"; — perfectif < u,0,u > ist"; — closed and t*; — dense — in itself. 

Proof. Follows directly from the neutrosophic fuzzy closure operator for t*; and Definition 3.1. 


Theorem 3.3: Given (X,T;,),ie{1,2} a nfbts with neutrosophic fuzzy ideal L on X, up, 0, uel*, then the following 
holds: 


(i) If <p,o,u> is both neutrosophic fuzzy pairwise NL-open and Tt’; -perfect then <p,0,u> may be neutrosophic 
fuzzy pairwise open. 


(ii) If <p,o,u> is both neutrosophic fuzzy pairwise open and t*; dense - in - itself then <p,o,u> may be 
neutrosophic fuzzy pairwise NL-open. 


Proof. Follows from the definitions. 


Corollary 3.1. For a neutrosophic fuzzy subset <p,0,u> of a nfbts (X,7;), ie{1,2} with neutrosophic fuzzy ideal 
L on X, we have: 


(i) If <p,o,u> is t*; — closed and NPL — open then Nint(< p,o,u >) = Nint(P(< t,0,u >))*. 


(ii) If <p,o,u> is t*; — perfect and NPL— openthen < u,0,u > = Nint(P(< u,0,u >*)). 


Theorem 3.4: If (X,7;), ie{1,2} a nfbts with neutrosophic fuzzy ideal L and up, o, uel* then 

(i) < ,0,u >N Nint(P(< p, o,u >*)) may bea neutrosophic fuzzy NL-open set. 

(ii) NPL t, — Nint(< p,o,u >) = Oy iff Nint(P(< u,o,u >*)) = On. 

Proof. (i) Since Nint(P(< Ll, o, U >*)) =P(<u,o,u>*)n Nint(P(< U,o,U >*)), then 

Nint(P(< p,0,u >*)) = P(< u,0,u >*) N Nint P(< p,0,u >*) € P((< p,0,u >) N (< u,0,u >*))*. Thus 


<u,0,u >N P(< p,0,u >*) € (< Lo,u >N (<p,0,u >N Nint P(P(< H,0,u >) € Nint P(< p,o,u>)N 
Nint P(P(< u,0,u >*))* 


Hence <u,0,u >N Nint (P(< L,0,U >) in NPLO(X). 
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(ii) Let NPLt; — Nint(< p,0,u >) = Oy, then < p,0o,u >/N P(< p,0,u >*) = On, implies 

Nel(< Lo, u >/N Nint P(< p,o,u >*)) = 0y andso 

< p,0,u >/N Nint P(< p,o,u >*) = Oy. Conversely assume that Nint P(< u,0,u >*) = On, 
then < u,0,u >N Nint P(< p,0,u >*) = On. Hence NPLt; — Nint(< u,0,u >) = Oy. 

Theorem 3.5: If (X,t;), ie{1,2} a nfbts with neutrosophic fuzzy ideal L on X, p, o, uel*, 

then NPLt, — Nint(< p,0,u >) =< p,0,u >A Nint P(< p,0,u >*). 

Proof. The first implication follows from Theorem 3.1.1 that is 

<u,0,u >Ap <p,0,u >*< NPL — Nint(< p,o,u >) (1) 


For the reverse inclusion, if <&, p,@ > in NPLO(X) and < &,p,0 ><< u,0,u > then P(< &,p,0 >*) < 
P(< p,0,u >*) and hence Nint P(< &,p,6 >*) < Nint P(< p,0,u >*). This implies 
<& p, 80 >=< & p,8 >A Nint P(< &,p,8 >") << po,u >AP(<yu,0,u >*). 


Thus NPLt; — Nint(< p,0,u >) << p,o,u >A P(< p,0,u >") (2) 


From (1) and (2) we have the result. 


Definition 3.4: Given (X,7;), ie{1,2} a nfbts with neutrosophic fuzzy ideal L and & p, 8eI*, < &,p,0 > is called 


neutrosophic fuzzy pairwise NL-closed set if its complement is neutrosophic fuzzy NL-open set. We will 
denote the family of neutrosophic fuzzy NL-closed sets by NPLC(X). 


Theorem 3.6: Given (X,7;), ie{1,2} a nfbts with neutrosophic fuzzy ideal L and &, p, 6el*, < §p,0 > 
n is neutrosophic fuzzy NL — closed, then P((Nint < §p,6 >)*) <<§p,@>. 


Proof. It’s clear. 


Theorem 3.7: Given (X,t) be a nfbts with neutrosophic fuzzy ideal L on X and &, p, 8el* such that 
P((Nint <&p,@ >)**) = Nint P ((< &p,0>° a 

then < §p,0 > in NPLC(X) iff P((Nint < &p,6 >)*) << &p,0 >. 
Proof. (Necessity) Follows immediately from the above theorem. (Sufficiency). 


Let P((Nint <%&p,8 >)*)<<&p,6>, then <£&p,6 >°< (P(Nint < &p,6 >))** = Nint < &,p,0 >*" from 
the hypothesis. 


Hence < &,p, 8 >° in NPLO(X). Thus < &,p,6 > in NPLC(X). 
Corollary 3.2: For a nfbts (X,7;), ie{1,2} with neutrosophic fuzzy ideal L on X the following holds: 


(i) The union of neutrosophic fuzzy NPL-closed set and neutrosophic fuzzy NP-closed set may be a 
neutrosophic fuzzy NPL-closed set. 
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(ii) The union of neutrosophic fuzzy NPL-closed and neutrosophic fuzzy NPL-closed may be neutrosophic 
fuzzy NPL-closed. 


Conclusions 

The notions of the sets and functions in neutrosophic fuzzy bitopological spaces are highly developed and 
several characterizations have already been obtained. These are used extensively in many practical and 
engineering problems, the computational topology for geometric design, computer-aided geometric design, 
engineering design research, Geographic Information System (GIS) and mathematical sciences. We are in 
the process of preparing a statistical model for neutrosophic bitopological layers for geographic information 
systems. 
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Abstract 


This paper presents the refinement of neutrosophic hypervector spaces and studies some of its basic properties. 
Some basic definitions and important results are presented. The paper also establishes the existence of a good 
linear transformation between a weak refined neutrosophic hypervector space V (11, Jz) and a weak neutro- 
sophic hypervector space V (I). 

Keywords: Neutrosophy, neutrosophic hypervector space, neutrosophic subhypervector space, refined neutro- 
sophic hypervector space, refined neutrosophic subhypervector space , refined neutrosophic hypervector space 
homomorphism. 


1 Introduction and Preliminaries 


The concept of algebraic hyperstructure was first introduced by Marty (25h. He presented the definition of a 
hypergroup, studied its properties and applied them to study the groups of rational algebraic functions. Also, 
Marty used the new approach to solve several problems of the non-commutative algebra. Since then, several 
researchers have been working on this new field of modern algebra and developed it to a very large extent. 

M. Krasner (25) introduced the notions of hyperring and hyperfield and used them as technical tools in the 
study of the approximation of valued fields. There exist several types of hyperrings, some of which are: addi- 
tive hyperring, multiplicative hyperring and general hyperrings. An important class of additive hyperrings is 
Krasner hyperrings ps a 

A class of hyperrings (R, +, .) where “+” and.” are hyperoperations was introduced by De Salvo 4. This 
class of hyperrings has been further studied by Asokkumar Ph, Asokkumar and Velrajan (OES) and Davvaz 
and Leoreanu-Fotea 2h. Mittas in (2a) introduced the theory of canonical hypergroups. J. Mittas was the 
first who studied them independently from their operations. Some connected hyperstructures with canonical 
hypergroups were introduced and analyzed by P. Corsini a ee P. Bonansinga , and K. Serafimidis in 
cars, Further contributions to the theory of hyperstructures can be found in the books of P. Corsini (20), T. 
Vougiouklis , P. Corsini and V. Leoreanu (2A, and Davvaz and V. Leoreanu 2. The notion of hypervector 
spaces was introduced by M. Scafati Tallini . In the definition (EN) of hypervector spaces, M. Scafati Tallini 
considered the field as the usual field. In (Ea, Sanjay Roy and T. K. Samanta generalized the notion of hyper- 
vector space by considering the hyperfield and considering the multiplication structure of a vector by a scalar 
as a hyperoperation like M. Scafati Tallini and they both called the hyperstructure a hypervector space. They 
established basic properties of hypervector space and thereafter the notions of linear combinations, linearly 
dependence, linearly independence, Hamel basis were introduced and several important properties like dele- 
tion theorem, extension theorem were developed. 


Neutrosophy is a new branch of philosophy that studies the origin, nature and scope of neutralities, as well 
as their interactions with different ideational spectra. Neutrosophic set and neutrosophic logic were introduced 
in 1995 by Smarandache as generalizations of fuzzy logic/set 3, and respectively intuitionistic fuzzy logic/set 

. In neutrosophic logic, each proposition has a degree of truth (7'), a degree of indeterminancy (J) and 
a degree of falsity (F'), where T, J, F are standard or non-standard subsets of |~0,1*[ as can be seen in 
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ESE. A comprehensive review of neutrosophic set, neutrosophic soft set, neutrosophic topological spaces, 
neutrosophic algebraic structures and new trends in neutrosophic theory can be found in giicwt 

Agboola and Davvaz introduced and studied neutrosophic hypergroups and presented some of their ele- 
mentary properties in (a and in Sy, they studied and presented basic properties of canonical hypergroups and 
hyperrings in a neutrosophic environment, Quotient neutrosophic canonical hypergroups and neutrosophic hy- 
perrings were also presented. In (Bh, Agboola and Akinleye studied neutrosophic hypervector spaces and they 
presented their basic properties. 


In (Ea, Smarandache introduced the concept of refined neutrosophic logic and neutrosophic set which al- 
lows for the splitting of the components < T’', J, F’ > into the form < 7, 7>,:-- ,T; 4h, Lo, +, Lr; 
F\, Fo,---+ , F',; >. This refinement has given rise to the extension of neutrosophic numbers a + b/ into refined 
neutrosophic numbers of the form (a + bit; + boIg +--+: + b,I,) are real or complex numbers which has 
led to the introduction of refined neutrosophic set. Refined neutrosophic set has been applied in the devel- 
opment of refined neutrosophic algebraic structures and refined neutrosophic hyperstructures. Agboola in ey 
introduced the concept of refined neutrosophic algebraic structures and studied refined neutrosophic groups in 
particular. Since then, several researchers in this field have studied this concept and a great deal of results have 
been published. Recently for instance, Adeleke et al published results on refined neutrosophic rings,refined 
neutrosophic subring in in and in (2, they presented some results on refined neutrosophic ideals and refined 
neutrosophic homomorphism. The present paper is devoted to the study of refined neutrosophic hypervector 
space and presents some elementary properties of this structure. 
For the purposes of this paper, it will be assumed that J splits into two indeterminacies J; [contradiction (true 
(T’) and false (F'))] and Jz [ignorance (true (T’) or false (F’))]. It then follows logically that: 


Lh =. i = Ty 
IgIo = tf = To, and 
I, Ip = Inh = qi. 


Definition 1.1. Let (F,+, .) be any field. The triple (F'(), +, -) is called a neutrosophic field generated by 
F and I. (Q(Z),+,-) and (R(Z), +, -) are examples of neutrosophic fields. 





Definition 1.2. SLet (V, +, .) be any vector space over a field K and let V(I) =< V UI > be aneutrosophic 
set generated by V and I. The triple (V (I), +, -) is called a weak neutrosophic vector space over a field K. If 
V (J) is a neutrosophic vector space over a neutrosophic field K (I), then V (J) is called a strong neutrosophic 
vector space. The elements of V(J) are called neutrosophic vectors and the elements of A (J) are called 
neutrosophic scalars. 

Ifu=a+bl,v=c+dlI € V(L) where a, b,c and d are vectors in V anda = k+ mI € K(1) where k and 
m are scalars in K, then: 


u+v=(a+bl)+(c+dl) = (a+c)+(b4+d)I, 


and 
au =(k+mI)-(a+bl)=k-at+(k-b+m-at+m- bj. 


Definition 1.3. = Let H be a non-empty set and o : H x H —+» P*(H) bea hyperoperation. The couple 
(H, 0) is called a hypergroupoid. For any two non-empty subsets A and B of H and x € H, we define 


AoB= U aob, Aox=Ao{a} and roB={x}oB. 
ac€A,bEeB 


Definition 1.4. 2A hypergroupoid (H, 0) is called a semihypergroup if for all a, b, c of H we have 
(a0 b)oc=ao (boc), which means that 


U Uoc= U aov. 


weaob veboc 


A hypergroupoid (H, 0) is called a quasihypergroup if for alla € H we have ao H = Hoa = H. This 
condition is also called the reproduction axiom. 


Definition 1.5. 2A hypergroupoid (H, 0) which is both a semihypergroup and a quasi- hypergroup is called 
a hypergroup. 


Definition 1.6. =) Let (H, 0) and (H’,0’) be two hypergroupoids. A map ¢ : H —> H’, is called 
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1. an inclusion homomorphism if for all x, y of 


H, we have ¢(a 0 y) € d(x) o! d(y); 


2. a good homomorphism if for all x, y of H, we have (a 0 y) = (x) 0’ d(y). 


Definition 1.7. 2 Let (H),*1) and (H2,*2) be any 


map. We say that : 


1. f isa homomorphism if for all x, y of A, 


f(a*i 


two refined hypergroupoids and let f : H; —> Hz bea 


y) C f(@) x2 Fy); 


2. f is a good homomorphism if for all x, y of Hy, 


flaw 
3. f is astrong homomorphism on the left if 


f(x) € fly) x2 f(z) => J 





y) = f(x) x2 f(y); 


y EM, > f(y)=fly') anda € y' * z. 


Similarly, we can define a homomorphism , which is strong on the right. If f is strong on the right and 
on the left we say that f is a strong homomorphism. 


Definition 1.8. = Let H be a non-empty set and let + be a hyperoperation on H. The couple (H, +) is called 


a canonical hypergroup if the following conditions 


l.2+y=ytz, forall x,y € H, 





2. ¢+(y+z2) =(a+y) +2, forall x,y,z € 


3. 


hold: 


A, 


there exist a neutral element 0 € H such that « +0 = {a} = 0+ 2, forall x € H, 


4. for every x € H, there exist a unique element —x € H such that 0 € «+ (—x)N (—2) +2, 


5. 2€ x+y implies y € —©~@+ zanda € z— 
Definition 1.9. 2A hyperring is a triple (R,+,°) 
1. (R, +) is a canonical hypergroup. 


2. (R,-) is a semihypergroup such that x - 0 = 
element. 


3. Forallz,y,zER 


(a) e«-(ytz)=x-y+a-zand 
(b) (o@+y):2z=a-24+y-z. 





That is, the hyperoperation - is distributive o 


Definition 1.10. Let P(V) be the power set of a 


y, forall x,y,z € H. 


satisfying the following axioms: 


0-2 =O forall x € R, that is, 0 is a bilaterally absorbing 


ver the hyperoperation +. 


set V, P*(V) = P(V) — {0} and let K be a field. 


The quadruple (V, +, e, A’) is called a hypervector space over a field K if: 


1. (V,+) is an abelian group. 


2. e: K x V —+ P*(V) is a hyperoperation 


conditions hold: 


(a) (k+m)euC (keu)+ (meu), 
(b) ke(u+v) C (keu)+ (kev), 
(c) ke (meu) = (km 


(d) (-k)eu=ke (—u), 
(ec) wE leu. 
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A hypervector space is said to be strongly left distributive (resp. strongly right distributive) if equality holds in 
(a) (resp. in (b)). (V,+,¢, ) is called a strongly distributive hypervector space if it is both strongly left and 
strongly right distributive. 


Definition 1.11. [Let V and W be hypervector spaces over KX. A mapping T’: V —>+ W is called 


1. weak linear transformation iff 


T(x +y) =T(x)+T(y) and T(aozr)NaoT(z) 40,V2z,yEV, ack, 


2. linear transformation iff 


T(x+y)=T(x)+T(y)andT(aox) CaoT(a), Va,yEV, aek, 


3. good linear transformation iff 
T(xt+y) =T(x)+T(y) and T(aoz) =ac0T(z), VyEV, ac K. 


Definition 1.12. ZLet (H, x) be any hypergroup and let < HUI >= {x = (a, bl) : a,b € H}. 

The couple N(H) = (< HUT >,x) is called a neutrosophic hypergroup generated by H and I under the 
hyperoperation x. The part a is called the non-neutrosophic part of x and the part b is called the neutrosophic 
part of x. 

If x = (a, bI) and y = (c, dI) are any two elements of N(f), where a, b,c,d € H, then 

xxy = (a,bI) x (c,dI) = {(u,vI)|u € axc,u € axdUbxcUbx«d} = (axc, (axdUbxcUbxd)l). 
Note that ax c C H and (axdUbxcUbxd) CH. 


Definition 1.13. § A neutrosophic hyperring is a triple (N(R), +, .) satisfying the following axioms : 
1. (N(R), +) is a neutrosophic canonical hypergroup. 


2. (N(R), .) is a neutrosophic semihypergroup. 
For all (a, bf), (c, dI), (e, fI) € N(R), 
(a) (a, bI).((c, dI) + (e, f1)) = (a, bI).(c, dl) + (a, bI).(e, fI) and 
(b) ((c,dI) + (e, f1)).(a, bL) = (c, dI).(a, bI) + (e, fL).(a, br). 
Definition 1.14. © Let (V,+,¢, A) be any strongly distributive hypervector space over a field K and let 
V(I) =< VUI >= {u = (a, bI) : a,b € V} be a set generated by V and J. 
The quadruple (V (I), +,¢, A’) is called a weak neutrosophic strongly distributive hypervector space over a 


field K. 
For every u = (a, bI),v = (c,dI) € V1) andk € K, then 





utv=(a+c,(b+d)I) eV(d), 


keu={(a,yl):cekea,yEecked}. 


If K is a neutrosophic field, that is, K = K (J), then the quadruple (V (J), +, , K(J)) is called a strong neu- 
trosophic strongly distributive hypervector space over a neutrosophic field K (I). For every u = (a,bI),v = 
(c,dI) € V(L) and a = (k, mI) € K(J), we define 


utvu=(a+c,(b+d)I) eV(d), 


aeu={(r,yl):cekeayekebUmeaUmed}. 


The zero neutrosophic vector of V(I), (0, OL), is denoted by 0, the zero element 0 € K is represented by 
(0, OF) in K(L) and 1 € K is represented by (1,07) in K(J). 


Definition 1.15. “If « : X(Nh,I2) x X(h, 12) & X(h, 12) is a binary operation defined on X (1), Iz), then 
the couple (X (J1, Iz), *) is called a refined neutrosophic algebraic structure and it is named according to the 
laws (axioms) satisfied by «. 
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Definition 1.16. Let (X(I;, Iz), +, .) be any refined neutrosophic algebraic structure where "+" and/.”’ are 
ordinary addition and multiplication respectively. 
For any two elements (a, b/1, cI2), (d, eli, fI2) € X(N, Iz), we define 


(a, bli, cl) + (d,eh, flo) = (a +d, (b+ e)h, (e+ f)h), 
(a, bl, cI2).(d, el, fl2) = (ad, (ae + bd + be + bf + ce)h, (af +cd+cf)I2). 


Definition 1.17. “If” +” and.” are ordinary addition and multiplication, [;, with k = 1,2 have the following 
properties: 


lL. Ip t+Ip t+: +I, = nly. 





2. Ip + (—Ip) = 0. 
3. Ip: Ip + +++ Ip = If = Ix for all positive integers n > 1. 
4.0-, =0. 


5. I, | is undefined and therefore does not exist. 


2 Formulation of Refined Neutrosophic Hypervector Space 


This section shows the formulation of refined neutrosophic hypervector space and present some of its proper- 
ties. 


Definition 2.1. Let (V,+,¢, A’) be any strongly distributive hypervector space over a field K and let 
V(h, Iz) =< VU (hh, In) >= {u = (a, bh, cl2) : a,b,c € V} 


be a set generated by V, J, and I. The quadruple (V (11, I2), +, ¢, K’) is called a weak refined neutrosophic 
strongly distributive hypervector space over a field kK. 
For every element u = (a, bl), cl2),v = (d,eh, fl2) € V(h, Iz), and k € K we define 


utv=(a+d,(b+e)h, (e+ file) € V(h, Ie), 
keu={(a,yh,2l2):veckea,yckeb,zekec}. 


If & is a refined neutrosophic field, that is, K = K (11, Iz), then the quadruple (V (1, I2),+,¢, K(h, I2)) is 
called a strong refined neutrosophic strongly distributive hypervector space over a refined neutrosophic field 
K (ii, Iz). 
For every element u = (a,bl1, cl2),v = (d,eh, fl2) € V(h, I), anda = (k,mhh,nIg) € K(th, Iz), we 
define 

u+v = (a,b, clz) + (deh, fl2) = (a+d,(b+e)h, (c+ fy), 


aeu={(a,yh, 22): (tekeayeckebUmealimebUmecUned,z EkecUneaUnec)}. 


The elements of V (J;, Iz) are called refined neutrosophic vectors and the elements of K(J1, Iz) are called 
refined neutrosophic scalars. The zero refined neutrosophic vector of V (11, 2), (0, 011, 02), is denoted by 6, 
the zero element 0 € K is represented by (0,04), 0/2) in K(J1, Iz) and 1 € K is represented by 
(1, Oh, O12) € K(h, Ip). 


Example 2.2. 1. Let r be a fixed positive integer and let 
V = Qh, h)(vr) = {(a,bVrh,eVrlz) : a,b,c € Q,r € Zt}. Then V is a weak refined 
neutrosophic strongly distributive hypervector space over Q. If u = (a,b/rli,c/rIg) and v = 


(d,e/rh, fVrlz) thenu+v=(a+d),(b+e)Vrh, (c+ f)Vrlz is again in V. 
Also, for a € Q, then 


aeu={(r,yVrh,zVrla): re aceayecaeb,zeaecit eV. 
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2. Let V(y, I2) = R(h, Ig) and let K = R. For all u = (a, 614, cl), v = (d,eh, fl2) € V(h, Iz) and 
k € K, define: 
utv=(at+d,(b+e)h, (c+ f)h) 


keu={(a,yh,2lg):cekeayekeb,zekec}. 


Then (V (11, Iz), +, ¢, A) is a weak neutrosophic strongly distributive hypervector space over the field 
K. 


Example 2.3. 1. Let V(J1, J2) = R°(h, Iz) and let K = R(N,, 2). For all 
Uu= ((a, bl, cl2), (d, el,, fI2), (9, hl, j12)),v = ((a’,'T,, C12), (d',e'Ty, f'l2), (g', h' Ty, j'I2)) = 
V(h, Ig) and a = (k,mlh,nIg) € K(h, Iz), define : 


UTV= ((ata’, (b+b')hy, (c+e')I2), (d+d', (e+e’)h, (f+ f')2), (g+g', (A+h')h, (j+9')12)), 


aeu = {((1, Yili, 2112), (@2, Yolt, 212), (3, sli, 2312)) : 
x1 €kea, 
yi EC kebUmeaUmebimecUned, 
zy € kecUneaUnec, 
t2 €ked, 
yo eC keeUmedimeeUme fUnee, 
z2€ ke fuUnedUunef 
v3 € keg, 
yz CkehUmegimehUmejuneh, 
zg € kejUnegUneg}. 
Then (V (11, Iz), +, ¢, & (1, I2)) is a strong refined neutrosophic hypervector space over the refined 
neutrosophic field kK (1q, I2). 


2. Let V(Ii, I2) = R?(h, Iz) and K = R define for all x = (u,v) € V(N, 2) with u = (a, bh, cl), 
v = (d,eh, fiz) andae K 


e: Rx R*(h, Ih) — P*(R?(h, L)), OR e >R x R?(h, Ig) — P*(R?(h, 2)), 
ae (u,v) =aeux R(h, Io). ae (u,v) =R(h, Ig) x aev. 


Then (V (11, Iz), +, ¢, K) is a weak refined neutrosophic strongly distributive hypervector space. 
From now on, every weak(strong) refined neutrosophic strongly distributive hypervector space will sim- 
ply be called a weak(strong) refined neutrosophic hypervector space. 


Lemma 2.4. Let V(1,, Iz) be a weak refined neutrosophic hypervector space over a field K. Then for all 
k € K and u = (a,bhy, cl2) € V(h, In), we have 


I. ke = {6}. 
2. keu = {6} implies that k = 0 oru = 0. 
3. —uwe€ (-l)eu 
Proof. 1. ke@=ke(006)=(k.0)eG=00e8=90 


2. Letk € K and u € V be such that k eu = {6}. 
If k = 0, thenOeu= 60. 
Ifk £0, then k~! € K. Thereforekeu=60=>k-le(keu) =k 100 
= (k Lkjeu=b == lye 6 a= 0, 














Proposition 2.5. Every strong refined neutrosophic hypervector space is a weak refined neutrosophic hyper- 
vector space. 


Proof. Suppose that V (1,, Iz) is a strong refined neutrosophic hypervector space over a refined neutrosophic 
field K (11, Iz) say. Since K C K (1h, Iz) for every field K, then we have that V (J), Iz) is also a weak refined 
neutrosophic hypervector space. 
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Proposition 2.6. Every weak refined neutrosophic hypervector space is a strongly distributive hypervector 
space. 


Proof. Suppose that V (11, I2) is a weak refined neutrosophic hypervector space over a field K. Obviously, 
(V (11, Iz), +) is an abelian group. Let u = (a,b6),cl2),v = (d,eh, fl2) © V(h, Ig) andk,m € K be 
arbitrary. Then 


(1) kKeutmeu = {(p,qh,rl2):pEekeaqekeb,rekec}+ 

{(s,th, wlg):5s€ mea,te€meb,w € mec} 

= {(pt+s, (qth, (rt+tw)hk):ptsEkeatmeagqt+tEekeb+meb, 
r+wéekec+mec}. 





And, 
(k+m) eu = {(a,yh, zl): 4 € (k+m)ea,y€ (k+m)eb,z€ (k+m) ec} 
= {(r,yh,2Iz):cekeatmeayeckebt+meb,zekect+mec} 
= keut+meu. 
(2) keutkev = ({(p,qh,rlo):pEkeaqekebrekect+ 
{(s,th,wln):sEekedtekeewekef} 
= {pts (qth, (r+w)lz):pt+sekeatkedqt+tckeb+kee, 
rt+wekectke f}. 


ke(u+v) = ke(a+d,(b+e)h, (c+ f)l2) 
= {(t,yh, zz): ce ke(at+d),yeke(b+e),zeke(c+f)} 
= {(@,yl,2Iz):tekeatkedyekebt+kee,zekect+ke f} 
= keut+kev. 

e{(x, yh, zI2):4Emeayemedb,zemec} 





ke 
= {(p,qh,rl):pEeker,qekey,rekez} 
= t(hirh) pe ke (mea),qchke(mel),reke(med} 
= {(p,qh,rlz): p € (km) ea,q € (km) eb, r € (km) ec} 
= (km je (a, bly, cl2) 
= (km)eu. 
(4) (-k)eu = {(a,yh,2zI2): a € (-k) ea, vet k) eb,z € (—k) ec} 
= {(#,yl,clo):2€ke(-a),y €ke(—b),z eke (—-c)} 





= ke(-a,—bh, —cl2) 
= ke(-u). 


{(z, yh, zlg): ce leayEelebzelect} 
= {(@, yh, 2l2): a € {a},y € {b},2 € {ch} 
= {(a, bli, cl2)}. 
= weleu. 
Accordingly, V (1), Iz) is a strongly distributive hypervector space. 


(5) leu 

















Corollary 2.7. Every weak refined neutrosophic hypervector space which is strongly right distributive is 
strongly left distributive . 














Proof. The proof follows from the proof of Proposition [2.4]. 


Proposition 2.8. Let (V, (11, Io), +1, 01, K (hh, I2)) and (V2(Ih, Iz), +2, 2, K (Nh, I2)) be two strong refined 
neutrosophic hypervector spaces over a refined neutrosophic field K (I;, Iz). Let 

Vi (hi, I2) x Vo(h, I2) = 

{((a1, biti, e112), (a2, bol, coI2)) : (a1, biti, cr 12) E Vi (hi, Ia), (ae, b2h, C212) E Vo(Ni, I2)} and for all 
U= ((a1, 1h, cla), (a2, bel), coI2)), v= ((a4,, 0,44, 12), (a4, bh 12, chl2)) E Vi (i, I2) x Vo(N1, Is) and 
a= (k, mJy, nI2) € K (Kh, 12), define: 

u+v = (((a, + 44), (b1 + 04), (cr + € da), (a2 + a9), (b2 + 03), (c2 + ¢)J2)), 

aeu= {((z, yh, zIg), (p, qh,rl2))}. 

r€keay, 

ye kebUmeaUmeb Umec, Une by, 

z€kecUnea,Unec, 
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pekeas, 

qe kebUmeagUmebs Umecg Une ba, 

z€kecoUneagunecs. 

Then (Vi (11, Iz) x Vo(h, Ie), +, ¢, K (hh, I2)) is a strong neutrosophic hypervector space. 


Proof. Suppose that V; (11, Iz) and V2(11, Iz) are strong refined neutrosophic hypervector spaces over a refined 
neutrosophic field Kk (1q, I2). 

Let u = ((a1, b1hi, e112), (@2, boli, cala)),u = ((a4, Li, cle), (@, boa, cola) € Vidi, I) x Voli, J2) 
and a = (k, mI, nI2), 8 = (k', m’I1, n'Iz) € K (Nh, Iz) be arbitrary. 


1. We can easily show that (V; (11, I2) x V2(N, Iz), +) is an abelian group. 


2. Now we want to show that (a+ B)euCaceu+ feu. 


Consider 

(a + B) eu= (k + k’, (m + m')h, (n + n’')I2) e ((a1, 01.4, e112), (a2, boli, c2I2)) 

C {((a, yh, 212), (p, gh, rle)): 2 € (kK+k)eayy € (kK+k’) eb; U(m+m’')ea,U(m+m’')e 
b U(m+m')ecyU(n4t+n')eb,zE (kth )equ(n+n')eayU(n+n')ec, 

pe (k+k')eag,¢ € (kK+k’) e bg U(m4+m’) eagU(m+m’)ebgU(m+m’) ecoU(n+n') ebs,z € 
(k+k')ecoU(n4+n’)eagU(n4+n’) eco} 


= {((a, yh, 212), (p, qh, rle)): 4 € hea tk’ eay,y € kebj +k’ ebj Umea, +m’ ea,Umeby + 
meds Umeci +m'ecyUnedjt+n’ebi,zekec +k’ ecy nea, +n'eajUneci +n ec, 
p € keag+k’eag,q € keby +k’ ebgUmeag+m’ eagUmebs+m’ ebg2Umecot+m! ecgUnebo+n’ebo,z € 
kecotk’ ecgUneagtn eagUneco tn eco}. 

Now if we take x = 5, +: s},y=t4+t,,2 =wuwitw}, p= $2.+5$,¢=tet+t andr = wi + w% then 
we have 

{((sit+s1, (+t) ) i, (wit+w})J2), (82+ 89, (to +t), (witw} )l2)) : sits) € koa, +k’ eay,tit+ 
t, EC kebj +k’ ebj Umea, +m’ eayUmebs +m’ eb; Umecy +m’ ecyUnebi +n’ edi, wi +}, € 
kecq +k’ ecy Uneayt+n'ea,Unec, +n’ ec, 
82485 € keag+k'eaz, tatty € kebg+k'eb2Umeazg+m’eagUmeb2+m’ ebz2Umece+m’ ecgUneby+ 
n' ebs, wo+ws € kecotk’ecoUneagtn’ eagUneco+n’eco} = {((s1, th, wile), ($2, tah, wele)) : 
81 € kea,,t, € kebj Umea,Umebi Umec, Uneby, w, € kecy nea, Unecy, 52 € keag,t2 € 
keb2UmeagUmebz2UmecgUnebs, we € kecgUneagUneco}+{((s4, th, wile), (54, 06h, whle)) : 
8, € kl eat, € ki eby Um’ ea, Um’ eb Um’ ec, Un’ eby,w, Ek ec, Un’ ea, Un’ ec, 

85 € k’ ea, th € ke bg Um! ea Um’ e bg Um! ecg Un! @ bo, wy € ki ecg Un! @ ag Un @ cp} 
Cacut+feu. 

Then (a+ B)euCacu+ feu. 








3. Now we want to show that ae (u+v) Caeutaecev 
ae(u+v) = (k,mly, nl2) e ((a1 + a4, (b1 + 04) hi, (c1 + 4) 12), (G2 + 05, (b2 + 5) hi, (c2 + ch) L2)) 
C {(a, yh, 212), (p, qh, ria): ve ke (ay +a}),y € ke (b) + bi) Ume (a, +a) Ume (b; + b4) U 
me (ci +c))Une (bi +01),2 Eke (cy +c) Une (ai +a,)Une(c1 +c), 
pe ke(ag+as),q€ ke (bo +5) Ume (ag +04) Ume (bp +05) Ume (co +) Une (bp + 05), 
r€ke(cg+c)Une (ag+a,)Une(co+c4)} 


= {(¢, yh, 212), (p,qh,rle): cekea+keal,yckebh+kebi Umea +mea,uU 
mebj+meb, Umecy +mec, Uneb) +nebi,z€ kee t+kec, Uneayt+nea,Unecj+nec\, 
p € keag+keas,¢ € kebg+keb,Umean+mea,Umebz+meb,Umeco+mechUneba+nebs,r € 
kecgtkechUneag+neayUnecm+nec}. 

If we take ce = 5, + 8), y=t, +t1,2=wi + wu}, p= s0+55,q=t2+t, andr = w, + wy then we 
have 

{(sit+s}, (titty )h, (witw} )I2), (s2+8, (tot+te)li, (wetwy)l2) : sits) € keaytkea;,tit+t; € 
kebj+kebi Umeaytmea,Umeb+mebi Umec+meciUneb+nebi,wi +w} € 
kecj tkec, Unea;+nea}Uneci+nec), 82+85 € keag+keah,tot+th € kebo+kebsUmeagt+me 
a, Umebs+meb,Umeca+mec,Unebs+nebs, wotws € keco+kecyUneag+nea,Unecs+necy} 
= {(81, 4, wile), ($2, toy, woe) : $1 € keay, ty € keds mea,Umeb Umec Une by, w, € 
kecy Unea, Une cy, 52 € keag, to € kebn2 UmeagUmebzUmecegUnebs, we € kecoUneagUne 
coh +{(8), th, wt le), (85, toh, whle) : 5 € healt, € kebi Umea, Umeb) Umec, Une), ws € 
keciUnea,Unec), 55 € keah,t, € keb,Umea,umeb,UmeciUnebs, wy € kechUnea,Unec)} C 
aeutaer. 

Then we have thatae(u+v) Caeu+taev. 
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4. ae(Geu) =ae{((2, yh, zz), (p,qh,rlz)): a € kh’ eay,y € ki eb Um’ ea, Um’ eb) Um’ ec U 
n'ebi,z € ki ecy Un’ eayUn'ecy, pc k' ean,g € k' ebgUm' eagUm'ebgUm'ecgUn’ ebo,r € 
ki ecoUn! ea2 Un eco} 
= {((a', yh, 2'Te), (p', dh, r'le)) : 2’ Chenx,y CheyUmerxUmeyUmezuney, 

/ 


Zz €kezUnerUnez, pleEekep,d €keqUmepUmeqUmerUneg, 
z €kerUnepUner} 


= {((2’,y/K, 2'In), (p'.hh,r'In)) : v' Che (ki eay),y’ € ke (ki eb Um’ ea, Um' eb Ume 
cy Un’ eb,) me (k' ea) Ume (k’ 0b) Um’ ea, Um’ eb Um’ ec, Un'ebi)Ume (kiecj Une 
a, Un! ecy) Une (ki 0 bj Um!’ ea, Um’ eb) Um ec, Un’ @ by), 

Zz’ € ke(k’ecjUn'ea,Un'ec;)Une(k’ea;)Une(kiec, Un'eaUn'ec), pi €ke(k’eaz),d € 
ke (k’ ebgUm eagUm! ebgUm’ ecoUn' e bg) Ume (k’ ean) Ume (k’ 0 bg Um! e ag Um’ e bg U 
m!ecoUn'ebo)Ume(k'ecoUn' eagUn'eco)Une (ki ebg Um eagUm’ ebg Um! ecgUn'e bo), 
z EC ke(ki ecoUn ea Un ecg) Une (k! e ag) Une (k’ ecg Un! @ ag Un’ eco) } 


={((a', yh, 212), (p'.d’hh,r'dp)) : a! € (kk’)eay,y' © (kk') eb, U(km’) ea, U(km’) eb; U(km’)e 
c1U (kin’) e by U (mk’) e ay U(mk’) @ by U(mm’) e ay U (mm) e by U(mm’) ec, U(mn’) e by U(mk’) e 
cy U(mn’) e ay U (mn’) ec, U (nk’) @ by U (nm’) @ a, U (nm’) @ by U (nm’) e cy U (nn’) @ by, 2’ € 
(kk’)ecyU(kn’) ea U(kn’) ecy U(nk’) ea, U(nk’)ec, U(nn’)ea,U(nn’)ecy,  p’ € (kk’)eaz,q' € 
(kk’) @ bp U(km’) e a2 U (km’) @ bo U (kim’) @ cp U (kin’) @ bg U (mk’) @ ag U (mk’) @ bp U (mm) e ag U 
(mm’) @ bz U (mm’) e cz U (mn’) e bz U (mk’) @ co U (mn’) e az U (mn’) e cz U (nk’) @ bz U (nm) e 
az U (nm’) e bg U (nm’) e co U (nn’) e@ bo, 

z! € (kk’) ecg U (kn’) @ ag U (kn’) @ co U (mk) @ ag U (nk’) @ cg U (nn’) @ ag U (nn’) @ co} 

= ((k, my, nIz)(k’, m Ty, nIp)) e ((a1, bit, C112) (aa, bol, C2I2)) 


= (a) eu. 
5. (-—a)u = {(2, yh, zl2)(p, qh, rlz)) : a € —keai,y € —keb; U—mea,U—meb; U—mec; U—ne 
b1, Zz kecjU—nea,U—nec, p € —keaz,gq € —kebgU—meagU—mebzU—mecoU—nebo,r € 





—kecoU—neagU—necy} 

= {(2, yh, zlo(p,qhi,rI2)): 2 € ke (—a1),y € ke (—b1) Ume (—a,) Ume (—b1) Ume (—c1) U 
ne (—b,),z € ke (—c,) Une (—a1) Une (—c1),p € ke (—ag),q € ke (—bg) Ume (—ag) Ume 
(—b2) Ume (—c2) Une (—b2),r € ke (—co) Une (—az) Une (—c2)} 

= (k, mIy, nI2)(—((ar, biti, c:I2) (aa, boli, c2I2))) = a(—uw). 








6. leu= {(x, yh, zl2)(p,qh,rl2)) : a € lea, y Ee 1ebi,z € lec, pe leag,g € lebo,r € Leca} 
= {(a1, biti, cz) (aa, boli, c2I2)) :ay € leay, b; € leby, cy € Lecy, ag € leag, bg € Lebo, GE 
1 e cy}, which shows that u € Le wu. 
Accordingly, V; (11, I2) x V2(1q, Iz) is a strong refined neutrosophic hypervector space. 














Proposition 2.9. Let (V (11, Iz), ®,e1, K) and (H,+,¢1, K) be a weak refined neutrosophic hypervector 
spaces and a hypervector space, respectively. Let 

V(hh, I2) x H= {((a, bl, cl2), h) i (a, bly, cl2) € Vi (hi, 2), he H}. 

For all u = ((a, bhi, cl2),h), v = ((a’, 0, C12), 9) © Vi, Iz) x H andk € K, define: 
utv=((aba',(b@v)h, (cOC)h),h+H 9), 
kKeu={((2,yh,2lz),p):cekejayekebekejcpEekergh}. 

Then (V1 (11, I2) x H,+,¢, A) is a weak neutrosophic hypervector space. 














Proof. The proof follows from the same pattern as the proof of Proposition [2.3]. 


Definition 2.10. Let (V (11, Iz), +,¢, K (hh, I2)) be a strong refined neutrosophic hypervector space over a 
refined neutrosophic field K (11, Iz) and let W[J, [2] be anonempty subset of V (1), I2). W[L, Io] is said to be 
a subhypervector space of V (11, Iz) if (W[h, [2], +,¢, K (hi, I2)) is also a refined neutrosophic hypervector 
space over the refined neutrosophic field K (11, Iz). Itis essential that W [J,, [2] contains a proper subset which 
is a hypervector space over a field Kk. 


Example 2.11. Let V(1i, 2) = R?(h, I2) and K = R(Kh, Jz) then (R?(h, I2),+,¢, K(h, I2)) is a strong 
refined neutrosophic hypervector space over refined neutrosophic field K = R(11, 12), where the hyperopera- 
tions + and e are defined V u = ((a1, 6111, c1J,), (2, bot, cl2)), 

v = ((a),0(h, ¢ hh), (a4, beh, cI2)) € V(h, Ig) by: 

ut = ((ay + a4, (br + 04) Li, (c1 + ch) da), (@2 + 9, (b2 + b9)ti, (C2 + €)2)), 
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aeu= {((2, yh, 212), (p,qh,rle)): ee kea,yeckeb Umea UmebU mec Une dy, 
z€kecUneayUnec, pEkeag,qge keby i meagumebsUmecgUne bs, 
r€kecgUneagunecy}. 

Let W(1,, Io) = K(h, In) x {(0,0,, 0l2)} CV (Kh, 12). 

Then W (J), Iz) is a strong refined neutrosophic subhypervector space. 


Proof, Since 6 = ((0,01;,0Z2), (0,01;,0L2)) € W(1h, Iz). Then W(Iy, In) # 0. 
Now let Uy = ((a1, 01.4, cel2), (0, OL, OL2)) ,U = ((a4,, b1L1, c:I2)(0, 041, OL2)) E W (hh, 12), and a = 
(k,mIy, nz), 8 = (k’,m'I,, n'Ig) € K(h, Ie) with ay, bi, c1, a4,,01,¢4, k,m,n,k’,m’,n’ ER. 
aeutbev = (k,mIy, nIz) @ [(a1, b1L1, cr La), (0, 04, OL2)|+ 
(k’, m'I,, n' Ig) e [(a4, b1h, C112) (0, Oh, O12)] 

G {((a, yh, 212), (p,qh,rlz)): ce kea,yekeb; i mea UmebhU 
mecjyUneb,zekecy UneayUnec, pEeked, 
qeEkeOUmeIUmeIUMmeIUNeCI,rEeke0Une0Une(} 
+H{((e,y'hh, 2'Ie), (9. d¢h,r'I2)): 2 €k’ ea, 

y Ek’ eb Um’ ea, Um’ eb Um’ ed, Un’ edbl, 
Zeke Un ea Un'ec, 

p ck'el,d €k’e0Um'e0U 

me0Um' e0Un'e0,r’ Ek’ e0Un' e0Un'e 0} 

=  {((s,th, wl), (s',Uh,w'lg)):sekea,+k eal, 
tEekeb +k’ eb, Umea,+m’'ea, Umeb) +m’ eb, Umecit+ 
mec, Uneby + Un’ e bi, 
wekeaqtk' ec Unea +n’ ea Unec, +Un' ec, 
se 0, t’ € 0, w’ c 0} Cc W (hh, J2). 

= aeuwtBev CW(h, I). 

Lastly, we can see from the definition of W(1,, Iz) that W(11, Iz) contains a proper subset which is a 
hypervector space over Kk. 
To this end we can conclude that W (J;, Iz) is a strong refined neutrosophic hypervector space. 














Proposition 2.12. Let W,[J), [2], Wo[hi, Lo],--- , Wn [ti, La] be refined neutrosophic subhypervector spaces 
of a strong refined neutrosophic hypervector space (V (Ih, I2),+,¢, K (11, Iz)) over a refined neutrosophic 
field K (I), Iz). Then ();_, Wi[lh, [2] is a refined neutrosophic subhypervector space of V (Ij, I2). 


Proof. Consider the collection of refined neutrosophic subhypervector space 

{Wi (hh, Iz) :4 = 1,2,---n} of a strong refined neutrosophic hypervector space V (Jy, Iz). 

Take u = (a, bli, cI2),v = (d,eh, flo), a = (k, phi, ql2) and 8 = (r, sh, tly). 

Let u,v € (Vi, Wi(ti, Je) then u,v € Wi(11, Iz) forall i = 1,2,---n. 

Now for all scalars a, 6 € K(I,, Iz) we have that 

aeut Bev= (k,ph, qe) e (a, bh, cl2) + (r, sh, tl) e (deh, fI2) 

C {(a, yh, zlo): ae keayeckebUpeaUpebUpeclgqed,zEekecUgqeaUgech+ 
{(a’,y'h,2'In): av’ Credy CreeUsedUsecUsefUtee,z/crefUtedute f} 
={(@4+a (yty)h,(z+2)la):c4+a' €Ckeatred, 

yty €keb+receUpeat+sedupeb+secUpect+sefugqebt+tee, 

zt2’ €kectrefUqeattediqecttef} CWi(h, le) Vi =1,2,3--- ,n. 

= acutBevC (ji, Wilh, h). 

Lastly, since W; (1), I2) Vi = 1,2,3,--- ,n contain proper subsets W; which are hypervector space, 
(1, Wi(h, 12) is a strong refined neutrosophic subhyperspace. 























Proposition 2.13. Let WI), Iz] be a subset of a strong refined neutrosophic hypervector space 

(V (1h, Ia), +,¢, & (1, I2)) over a refined neutrosophic field K (I,, Iz). Then W|I, Ig] is a refined neutro- 
sophic subhypervector space of V (11, Iz) if and only if for all 

u = (a, bh), cl2),v = (d,eh, In) € V(h, In) and a = (k,mh,nIg) € K(h, Iz), the following conditions 
hold: 


1. Wh, be] £9, 

2.ut+tveEeWw{h, hl, 
3, aeuC Wh, hl], 
4 


. W{hh, 2] contains a proper subset which is a hypervector space over K. 
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Proposition 2.14. Let V (11, Iz) be a strong refined neutrosophic hypervector space over K (I, Iz) and let 
U1 (1h, Iz), U2(h, Iz) be any strong refined neutrosophic subhypervector spaces of V (11, I2). 

Then U1 (11, Iz) U U2(hh, Ia) is a strong refined neutrosophic subhypervector space if and only if 

Ui(h, Iz) Cc Uo(h, Iz) or Ui(h, Iz) > U2(h, Ip). 


Proof. Let U, (11, I2) and U2(J,, Iz) be any strong refined neutrosophic subhypervector spaces of V (Jy, I2). 
==> Now, suppose U; (1), I2) © Ue(hh, Iz) or Ui (hi, I2) D U2(hh, Iz) then we shall show the 

U1 (11, Iz) U U2(h, Iz) is a strong refined neutrosophic subhypervector space of V (11, I2). 

Without loss of generality, suppose that U1 (11, I2) C U2(h, In). 

Then we have that U; (11, Ig) U U2(h, Ig) = Ue(h, Ig). But U2(h, Iz) is defined to be a strong refined 
neutrosophic subhypervector space of V(J,, Iz), so Uy (11, Iz) U U2(K, Iz) is a strong refined neutrosophic 
subhypervector space of V (11, Iz). 

<= We want to show that if U; (11, I) U U2(11, Iz) is a strong refined neutrosophic subhypervector space of 
V(h, Ip) then either Ui(h, Iz) Cc Uo(h, Iz) or Ui(h, In) =) Uo2(h, Tp). 

Now suppose that U; (11, I2) U U2(Ih, Iz) is a strong refined neutrosophic subhypervector space of V (11, I2) 
and suppose by contradiction that U; (Iq, I2) Z Ue(h, Iz) or Ui (hh, Ig) D U2(h, 12). 

Thus there exist elements x, = (a; + b,J, + (Ig) € U1 (hh, I2)\U2(h, Iz) and 

m= (a2 + bel, + C212) E Ue(t, I2)\Ui(h, 2). So we have that 71, 72 € Ui(h, Iz) U U2(Nh, Ia), 
since U; (11, Iz) U U2(11, Iz) is a strong refined neutrosophic subhypervector space, we must have that 
U+%_2=%3€ Ui(h, Iz) U U2(Ih, In). 

Therefore x; + 49 = 13 € Ui(h, Iz) orgy, + %_2 = 73 € Uo(Ih, I2) 

=> 02 = 13 — £1 € U1 (Ih, Ig) or v1 = 13 — LQ € Ud(I1, Iz) which is a contradiction. 

Hence U1 (11, Ig) C Ua(h, Iz) or U1 (Th, Ig) D U2(h, Iz) as required. 














Remark 2.15. If Wi[J), [2] and W2[J1, 2] are refined neutrosophic subhypervector spaces of a strong re- 
fined neutrosophic hypervector space V (1), I) over a refined neutrosophic field K (J), 2), then generally, 
W,[h, L2] U W2[h, 12] is not a refined neutrosophic subhypervector space of V (11, Iz) except if 

Wilh, Ip] Cc W2[h, Lo] or W[h, Tp] Cc Wi [h, Lo]. 


Definition 2.16. Let Wy [I,, Ig] and W2[J1, Ia] be two refined neutrosophic subhypervector spaces of a strong 
refined neutrosophic hypervector space (V (11, I2), +, ¢, K (11, Iz)) over arefined neutrosophic field K (1,, Iz). 
The sum of W, (1, Ig] and W2[J1, Ig] denoted by W, [1), [2] + Wa[h, Ly] is defined by the set 


| J{w +2 :W= (a, bly, cI2) € W,[hi, Lo], x = (d, ely, f Iz) E W2[hh, Lo]}. 


If Wy [Ly L2] N We[t1, Io] = {0}, then the sum of W|I, Ig] and W2[J,, Is] is denoted by 
Wi [h, fo] ® Wo[h, Lp] and it is called the direct sum of Wy [I1, Ig] and W2[h, Ip]. 


Proposition 2.17. Let Wi[11, [2] and Wo[I), 12] be two refined neutrosophic subhypervector spaces of a 
strong refined neutrosophic hypervector space (V (11, Iz), +,¢, (Nh, I2)) over a refined neutrosophic field 
K(, Ig). 


1. Wi[hh, Lo] + Wo[h, Lp] is a refined neutrosophic subhypervector space of V (I), 12). 





2. Wi[hi, Lo] + Woa[h, 19] is the least refined neutrosophic subhypervector space of V (I, Iz) containing 
W,[Ii, [2] and Wo[N, Io]. 


Proof. 1. Since 6 € W,[h, Lo] and @ € W2[K, Lo], {6+ 6} Cc Wi (hi, Le] + W2[K, Lo]. 
So,{@} G Wi (hi, Lo] + W2[hh, Lo] = dE W,[h, Lo] + Wo[h, Lo], therefore Wi (hi, Lo] + Wo[h, Io] 
is non-empty. 
Let u = (a, bl, cl), vu = (d, ely, fz) E Wi (hi, Lo] + Wo[hi, L2] , then J uy = (a1, biti, e112), 
U2 = (a2, boli, C212) E Wi (hi, L2] and Ui= (di, e1hi, fila), v2 = (do, eli, fola) E Wo[hh, Lo] such 
that uw € uy + vy and v € ug + Vo. 
Let a = (k,mIh, nla), B = (k',m'T,, n'Ig) € K(h, 12). 
Now aeutGevCae(utu)+8e(u2+ v2) 
= (k, mIy, nI2) e (a, + dy, (b; rm eh, (cy + €1)I)+ 
(k’, m'I,, n' Iz) e (a2 + da, (bg + ea), (co + €2) 12) 
{(a1, yh, 2112) :21, Eke (ay + d,), 
yi € ke (b) +e1) Ume (ay +d) Ume (6; + e1) Ume (ec, + fi) Une (b + 1), 
zy €ke(q + fi)Une(a,+d1)Une(c 4 fi)} 
+{(22, yoli, 2212) 1HQE k’ e (a2 + dz), 
yo € kl e (by + eg) Um! @ (ag + dg) Um! @ (by + €2) Um! @ (co + fo) Un’ @ (bp + €2), 
zo € ke (c2 + fa) Un'e (a2 + dz) Unie (ca + fo)} 





IN 
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= {(a, yh, zlg): a2 € (kea;t+ked,+k' ea.+k' eds), 
ye (kebi +kee, +k ebg +k’ e¢2)U(mea,+med, +m eaz +m’ edz) U 
(me bj +mee; +m’! eby+m'eeg)U(mec, +me fi +m’ ecgt+m’e fo) U 
(nebjt+nee,+n'iebo+n' ee), 
z€(keq tkhefitkheamtk'e fo)U(neartned +n ean+n' edz) U 
(necytne fi tn'ecg+n'e fo)} 
= {(s1, th, wile) 2ST E (keay ae k’ ea), 
ty € (kebj +k! e bo) U(meay +m’ e az) U(meb; +m’ e bo) U (mec, +m ecg) U 
(neb, +n’ eb2),wi € (kec, +k’ ecg) U (nea, +n eag)U(necy +n’ eco)}+ 
{(s2, tel, wel2) 1S2€ (k ed, + ke dz), 
to € (kee, +k’ ee€2) U(med, +m’ edz)U (mee, +m’ een) U(me fi +m’ e fo) U 
(nee, +n’ eo), 
we € (ke fi tke fo) U(ned, +n’ edg)U(ne fi +n’ e fo)} 
© Wilh. te) Walt bl. 
Hence ae u + B ev Cc Wi [h, Lo] + W2 Ty, Ig]. 
Now since W,, W2 are proper subsets of Wy[I,, Io] and W2[f), I] respectively, with both W, and 
W, being hypervector space. Then W, + W2 is a hypervector space which is properly contained in 
Wi (hh, fo] + Wo[hh, [2]. Then we can conclude that Wi [J,, I2] + W2[Lh, I] is a refined neutrososphic 
subhypervector space. 




















2. Let W[J), Is] be refined neutrosophic subhypervector space of V [I;, Ig] such that Wy [J,, Io] C W[hh, Io] 
and We I we Cc Wh, Lo}. 
Let u = (a, bly, cl2) E W,[h, Lo] + Wo[hi, Lo], then Ju, = (a1, biti, cr La) E W,[h, Lo] and 
ug = (a2, boty, col2) € Welk, Ig] such that wu € uy + ua. 
Since Wi Ty, [2] C W[hh, 12] and Wa[h, Lo] C Whi, Lo], then U1, U2 € W{hi, Lo]. 
Again since W[I), I] is a refined neutrosophic subhypervector space of V[J), Iz], then we have that 
Uy + Ug © W (hh, 12] ==> UE W([h, Lo]. 
Hence W, (11, Jo] + Wo[Kh, fo] C W[h;, 15] and the proof follows. 




















Remark 2.18. If V(J;, Iz) is a weak refined neutrosophic strongly left distributive hypervector space over a 
field kK, then 


1. Wi, lo] =U{keu:k © K} forms a weak refined neutrosophic subhypervector space of V (11, Iz), 
where u = (a,bl),cIg) € V(dh, Iz). This refined neutrosophic subhypervector space is said to be 
generated by the refined neutrosophic vector wu and it is called a refined neutrosophic hyperline span by 
the refined neutrosophic vector wu. 


2. Ifu = (a, bly, cle), uv = (d,el, fIg) € V(K, Iz), then the setW = {aeut+fev,a,8 € K}isa 
weak refined neutrosophic subhypervector space of V (J,, Iz). This refined neutrosophic subhypervector 
space is called refined neutrosophic hyperlinear span of the refined neutrosophic vectors u and v. 


Proposition 2.19. Let V (I,, Iz) be a weak refined neutrosophic strongly left distributive hypervector space 
over the field K and u1,u2,-++ ,Un € V(Nh, La), with wu; = (ai, bith, 12) for i = 1,2,3---n. Then 


I. W(hh, Io) = Ufareus +azgeugt+++++0neUn 2 1,02,+°* , An € K} is a weak refined neutrosophic 
subhypervector space of V (Iy, Iz). 


2. W(Ih, Iz) is the smallest weak refined neutrosophic subhypervector space of V (I, Iz) containing 
U1, U2,°°* 5 Un- 
Proof. 1. The proof follows from similar approach as 1 of Proposition2.T7]. 
2. Suppose that M (I, Iz) is a weak refined neutrosophic subhypervector space of V (1), J2) containing 


uUu= (a1, 1), e112), ue = (dg, boli, C22), Un = (An, Onli, Crt2). Let t € W (th, Ia), then there 
exist Q1,@2,°°* ,Q, € K such that 


t € aye (a1, b11,, e112) + ag © (a9, bol), cola) +--+ +n © (An, Onli, Cnt2). 


Therefore t € M (hh, Iz) => W(h, In) ie M(hh, Iz). 
Hence W (Jj, Iz) is the smallest weak refined neutrosophic subhypervector space of V (11, I2) contain- 
INg U1, U2,°°* ,Un- 
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Proposition 2.20. Let V(1), Iz) be a strong refined neutrosophic hypervector space over a refined neutro- 
sophic field K (I;, Iz), and let 

Uy = (a1, bith, e112), U2 = (aa, boli, C212), se Un = (Qn, brly, Cn12) € V (hh, Ia), 

ay = (kx, mI), t Iz), a2 _ (ko,moh, toTo) mt On = (kn, Mnty, tyTe). 

Then: 


1. W(hh, Lo) = Ufareus tazeugt:+++On etn : 01, 02,°°* ,An € K(N, I2)} is a refined neutrosophic 
subhypervector space of V (I, I2). 


2. W(Ih, Iz) is the smallest refined neutrosophic subhypervector space of V (I,, Iz) 
containing U1, U2,°** ,Un- 


Proof: The proof follows from similar approach as that of Proposition2.T9, : 


Remark 2.21. The refined neutrosophic subhypervector space W (11, Jz) of the strong refined neutrosophic 
hypervector space V (I;, I2) over a refined neutrosophic field K (11, Iz) of Proposition [2.20jis said to be gen- 
erated by the refined neutrosophic vectors w1, U2,-+- , Un and we write W (11, I2) = span{ur, u2,--: , Un}. 


Definition 2.22. Let (V(11, Iz), +,¢, K (1, I2)) be a strong refined neutrosophic hypervector space over a 
refined neutrosophic field A (1,, Iz) and let 

B(I,, Is) = {uz = (a1, 010), e112), ue = (a2, bel1, cole), oe Un = (an, Onli, Cn12)} be a subset of 
V(h, 12). B(h, 12) is said to generate or span V (11, Iz) if V(i, In) = span(B(h, In)). 


Example 2.23. Let V (11, I2) = R°(h, Iz) be a strong refined neutrosophic hypervector space over a neutro- 
sophic field R(J;, Iz) and let B(1y, Iz) = {ui = ((1, 0h, 0L2), (0, 041, OF2), (0, 01, OL2)), 

U2 = ((0, Ol, O12), (1, Ol, O12), (0, Oh, OI2)), U3 = ((0, Ol, O12), (0, Oh, O12), (1, Oh, OIz))}. 

Then B(1, Iz) spans V (1h, I2). 


Example 2.24. Let V (1, [2) = R?(N, Iz) be a weak refined neutrosophic hypervector space over a field R 
and let B(Ii, I2) = {ur = ((1, 0/1, O22), (0, 011, Of2)), wa = ((0, 011, OF2), (1,041, 022)), 

U3 = ((0, I, 022), (0,04,, 022)), us = ((0, 0L,, OF), (0, 1), 012)), us = ((0, OL;, Ia), (0,01, 0f2)), 

U6 = ((0, Oh, O12), (0, OL;, L2))}. Then Bh, Ip) Spans V(h, Ip). 


Definition 2.25. Let W[I,, Iz] and X [J, [9] be two refined neutrosophic subhypervector spaces of a strong re- 
fined neutrosophic hypervector space (V (11, Iz), +, ¢, (1, I2)) over a refined neutrosophic field K (1), Iz). 
V (11, Iz) is said to be the direct sum of W[J1, Ig] and X [J,, Ig] written V(11, Ig) = Wi, Io] © X[K, I] if 
every element v € V(J, Iz) can be written uniquely as v = w + x where w € W{[Ih, Ig] and x € X[K, Jy]. 


Proposition 2.26. Let W[I,, Iz] and X[h, In] be two refined neutrosophic subhypervector spaces of a strong 
refined neutrosophic hypervector space (V (Ii, Iz), +, ¢, K (h, I2)) over a refined neutrosophic field K (I), I). 
V(hh, Ie) = Wh, Le] @ X[K, La] if'and only if the following conditions hold: 


i. Vibigie) = Wilts) +X iis Bi). 
2. Wh, fb] NX (hh, Lo] = {6}. 














Proof. Same as in classical case. 


Definition 2.27. Let (V (11, I2),+,¢, K (1, I2)) be a strong refined neutrosophic hypervector space over a 
refined neutrosophic field A (J;, Iz). The refined neutrosophic vector 
u = (a, bly, cl2) € V(11, Iz) is said to be a linear combination of the refined neutrosophic vectors 


uy = (a1,01:1), e112), U2 = (a2, 62h, c2K),--+ 5 Un = (Gn, bnti,enI2) € V(h, Iz) if there exist refined 
neutrosophic scalars ay = (ki, mh, ty Iz), a2 = (ko, Moth, tele), An = (kn, Mnh, tyT2) E K(h, Iz) 
such that 


WE ay eur t+ageugt+::++ Ane Un- 


Definition 2.28. Let (V(N, I2),+,¢, K (th, I2)) be a strong refined neutrosophic hypervector space over a 
refined neutrosophic field K(1;, Iz) and let 

B(I,, Is) = {uy = (a1, 010), e112), u2 = (a2, bel1, cole), m8 Un = (dn, Only, Cn12)} be a subset of 
Vide): 


1. B(1,, Iz) is called a linearly dependent set if there exist refined neutrosophic scalars 
ay = (ki, mt, tyIo), ag = (ko, mot, tala), An = (kn, mnh, tyT2) (not all zero) such that 


PEC ayeuy + ageug +--- +n © Un. 
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2. B(11, Iz) is called a linearly independent set if 


OE az eu tageutg+t::-+an © Un 





implies that ay = ag = ++: = a, = (0,04, 012). 





Proposition 2.29. Let (V (11, Iz), +,¢, K) be a weak refined neutrosophic hypervector space over a field K. 
Any singleton set of non-null refined neutrosophic vector of the weak refined neutrosophic hypervector space 
V (hh, 12) is linearly independent. 


Proof. Suppose that 6 4 v = (a, bly, cla) € V(N, Iz). Let 6 € ke v and suppose thatO Ak € K. 
Then k~! € K and therefore, k~' e 6 C k~! e (kev) so that 


6 € (k-tk)ev 
= lev 
= {(a,yh,zlo):cre€leayEelebzelect} 


I 





): 
{(a, yh, 212) : 
=> {(a, bl, cI2)} 
= {v}. 


This shows that v = 6 which is a contradiction. Hence, k = 6 and thus, the singleton {v} is a linearly 
independent set. 


x € {a},y € {b},2 € {ch} 














Proposition 2.30. Let (V(11, I2),+,¢,K) be a weak refined neutrosophic hypervector space over a field 
K. Any set of refined neutrosophic vectors of the weak refined neutrosophic hypervector space V (11, I2) 
containing the null refined neutrosophic vector is always linearly dependent. 


Proposition 2.31. Let (V (1), I2),+,¢, K) be a weak refined neutrosophic hypervector space over a field K 
and let B(Iy, Iz) = {u1 = (a1, bi, crl2), u2 = (a2, boli, cola), +++ 5 Un = (Gn, Onli, CnI2)} be a subset of 
V(h, Iz). Then B(I,, Iz) is a linearly independent set if and only if at least one element of B(I, Iz) can be 
expressed as a linear combination of the remaining elements of B(Iy, I2). 






































Proof : This can be easily established. 


Proposition 2.32. Let (V(11, I2),+,¢, K) be a weak refined neutrosophic hypervector space over a field K 
and let 
Bh, Ip) = {ur = (ai, biI,at), ua = (a2, boli, C212), see Un = (dn, bri, clz)} 


be a subset of V(1,, Iz). Then B(Iy, Iz) is a linearly dependent set if and only if at least one element of 
B(Nh, Iz) can be expressed as a linear combination of the remaining elements of B(I1, I). 


Proof : Suppose that B(1;, Iz) is a linearly dependent set. Then there exist scalars ky, k2,--- , ky not all 
zero in K such that 
OE kpeuy tkgeugt::-+kp oe un. 


Suppose that k; 4 0, then ke € K and therefore 


ky e@ C kyte(ky eu +hkpeug+--++kn © Un) 
= (ky'ki) eu + (ky ko) @ug +--+ + (kz 1kn) © Un 
= Leu, + (ky kz) eug +--+ + (kp kn) © Un 


so that 
Oe leu +{u} 
where u = (a, bI,,cI2) € (ky ko) e ug +--+ + (kz thn) © Un. 
Thus 0 € {(a+a,, (b+b1) hi, (c+¢1){2)} from which we obtain wy = (a1, b11, ciJ2) = —u = —(a, bh, cla) 
so that 


u € (-ljyeu 
CS (le ((ky*ha) © uz +--+ + (ky thn) © Un) 
C (—ky ke) eug + (—kyp tks) eug +--+ + (ky kn) @ Un. 
This shows that u; € span{u2, us,-+- , Un}. 
Conversely, suppose that u; € span{u2, us,--- , Un} and suppose that 0 4 —1 € K. 


Then there exist ko, k3,--- , ky, € K such that 
uy € kg eug + kg eug+---+kye un 
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and we have 





uy + ( ur) ( Loew thkgeugtksgeug tet kp etn. 


From which 
OE (-lheuy thkgeugtkgeugt-::-+ky e un. 


Since —1 40 € K,, it follows that B(J;, Iz) is a linearly dependent set. 


Proposition 2.33. Let (V(l), I2),+,¢, K (hh, I2)) be a strong refined neutrosophic hypervector space over 
a refined neutrosophic field K(I,, Iz) and let By(I),I2) and Bo(I1, Iz) be subsets of V(Iy, Iz) such that 
By (Nh, Iz) © Bo(h, In). If Bi(h, 12) is linearly dependent, then Bz(I;, Iz) is linearly dependent. 


Proposition 2.34. Let (V (Ih, Iz), +,¢, (i, I2)) be a strong refined neutrosophic hypervector space over 
a refined neutrosophic field K (I), Iz) and let By(I1, Ig) and Bo(Ih, Iz) be subsets of V(Iy, 12) such that 
By (1, Ie) © Bo(h, 12). If By (1, Iz) is linearly independent, then Bz(I,, Iz) is linearly independent. 


Definition 2.35. Let (V (1), I2),+,¢, K (11, Iz)) be a strong refined neutrosophic hypervector space over a 
refined neutrosophic field K (J), I2) and let B(), I2) = {u1 = (a1, 61h,,c1f1), ue = (de, beh, col2),---} 
be a subset of V(J1, Iz). B(, Iz) is said to be a basis for V (11, Iz) if the following conditions hold: 


1. B(1,, Iz) is a linearly independent set 
2: V (hh, I2) = span(B(Ih, I2)). 


If B(d1, Iz) is finite and its cardinality is n, then V (4, Iz) is called an n-dimensional strong refined neu- 
trosophic hypervector space and we write dim,(V (Nh, I2)) = n. If B(h, J) is not finite, then V(J1, Iz) is 
called an infinite-dimensional strong refined neutrosophic hypervector space. 


Definition 2.36. Let (V(1, I2),+,¢, A (hh, I2)) be a weak refined neutrosophic hypervector space over a 
field K and let B(I,, In) = {ur = (a1, 611,111), u2 = (a2, boli, cola), ie -} be a subset of V (hh, Ia). 
B(I), Iz) is said to be a basis for V (1), Iz) if the following conditions hold: 


1. B(1,, Iz) is a linearly independent set 
2. V(i, Ie) = span(B(I, I2)). 


If B(1,, Iz) is finite and its cardinality is n, then V(J,, Iz) is called an n-dimensional weak refined neu- 
trosophic hypervector space and we write dim,(V(K, I2)) = n. If B(K, 12) is not finite, then V (11, Iz) is 
called an infinite-dimensional weak refined neutrosophic hypervector space. 


Example 2.37. In Example 2.23] B(I1, J2) is a basis for V(I;, Iz) and dim.(V (Ih, Iz)) = 3. 
Example 2.38. In Example [2.24] B(I;, J) is a basis for V(I1, Iz) and dimy (V (I, I2)) = 6. 


Proposition 2.39. Let (V (11, I2),+,¢, (Nh, I2)) be a strong refined neutrosophic hypervector space over a 
refined neutrosophic field K (I;, Iz) and let 

B(Ih, I2) = {ur = (a1, bith, e112), uw = (a2, boli, C212), see Un = (an, brly, Cn12)} be a subset of 
V(h, Iz). Then B(Ih, Iz) is a basis for V (11, Iz) if and only if each refined neutrosophic vector 

u = (a, bly, clg) € V(t, Iz) can be expressed uniquely as a linear combination of the elements of B(I,, Iz). 


Proof. Suppose that each refined neutrosophic vector u = (a, bI, clz) € V (11, Iz) can be expressed uniquely 
as a linear combination of the elements of B(1;, Iz). Then wu € span(B(1h, I2)) = V(i, Ja). 

Since such a representation is unique, it follows that B(J,, Iz) is a linearly independent set and since 

u € V(hh, I2) is arbitrary, it follows that B(11, Iz) is a basis for V(, Iz). 

Conversely, suppose that B(11, Iz) is a basis for V (11, Iz), then V(1y, I2) = span(B(N, Iz)) and B(1, I) is 
linearly independent. Now it remains to show that u = (a, bI,, cz) € V(d1, Iz) can be expressed uniquely as 
a linear combination of the elements of B(I;, I2). 

To this end, for ay = (ki, mI), pila), ag = (ka, mI), pel), “8 Oy = (Kins Mn, Prt), 

Br = (15.8141, tle), Bo = (ro, 8041, tale),-*> » Bn = (Tayv8nti,tnde) € K(h, Js), 

let us express u in two ways as follows: 


Ue azeuyt+ageugt:::+ Ane Un, (1) 





u € By eu, t+ Bp eug +--+ By © Un. (2) 
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From equation(2), we have 
=u (—1) ew (—1) @ (8, eu, + Bg @ Ug +--+ + Bn © Un) 

((—1)81) @ wu + ((-1)G2) @ ue +--+» + ((-1)Bn) @ Un 

= (—fi) ui + (—62) uz ++ (—1Bn) © Un. (3). 


Ia 


From equations (1) and (3), we have 
ut (—u) € (a1 + (—f1)) © v1 + (a2 + (—B2)) @u2 +--+ (Qn + (—Bn)) © Un 
==> 0€ (a1 — 81) eu + (a2 — Bo) @ ug +--+ + (An — Bn) © Un- 
Since B(J), Iz) is linearly independent, it follows that 
a1 — By = a2 — Bp = +++ = An — Bn = (0, 0h, O12) 


and therefore, 

a1 = 1,2 = B2,-+- On = Bn. 
This shows that u has been expressed uniquely as a linear combination of the elements of B(,, Iz). The proof 
is complete. 














Proposition 2.40. Let (V(11, Iz), +,¢, ) be a weak refined neutrosophic hypervector space over a field K 
and let 

By (Nh, Ie) = {ui = (a1, 014, e112), ue = (a2, boli, cola), +++ 5 Un = (An, bn ti, cl2)} be a linearly indepen- 
dent subset of V(Ih, Iz). fu € V(h, I2)\\Bi(h, Ia) = V(h, Iz) N (Bh, I2))° is arbitrary, then 
Bo(h, I) = {ur = (a1, 610, cla), u2 = (a2, boli, col2),+++ 5 Un = (Gn, Onli, CnI2), u} is a linearly de- 
pendent set if and only if u € span((By (Ni, I2)). 


Proof. Suppose that Bj(J1, Iz) is a linearly dependent set. Then there exist scalars ky, k2,--- , kn, k not all 


zero such that 
OE kjeu,tkoeugt-:-+k,eu,t+keu. (4) 


Suppose that & = 0, then there exist at least one of the kis say ky # 0 and equation (4) becomes 
O€kpeuytkogeug+--:-+kyn- +: Un (5) 


from which it follows that the set 

By (h, Ip) = {ur = (a1, bith, e112), u2 = (aa, belt, C212), oe Un = (Qn, bri, cIy)} is linearly dependent. 
This contradicts the hypothesis that By (11, Iz) is linearly independent. Hence k # 0 and therefore k~! € K. 
From equation (4), we have 





k+e0 C ki te(kjeuythkgeug+---+kyneun+keu) 

= 60 € (k7tky) eu, + (ko1ke) e ug +++ (kot kp) @ Un + (kok) eu 
= 60 = v+u(where v € (kth) eu; + (k7tk2) @ ug +++: + (k71ky) © Un) 
=u = —ve (-l)e((k7'k1) eu t+ (ko tke) @ ug +--+ (kot kn) © Un) 
=u € (-lje[(k-tk) eu, 4+ (k-tke) eug +--+ + (ko ky) @ Un] 

=  U E (—k-'k,) eu, + (—k7 1k) e ue +-+»+(—-k7lky) @ un 

=u €- span(B, (i, I2)). 


Conversely, suppose that u € span(B,(J1, I2)). Then there exist ky, ka,--- , kn € K such that 








U € kpeutkgeugt::-+kpneun 
=ut(-u) € kreuptkoeugt---+kpeun + (-loeu 
=> 9 € kpeuptkgeugt-:-+kyz eu, +(—-l) eu. 





Since u ¢ By (11, 2) and By (Nh, I2) is linearly independent, it follows that {ui,u2,--: ,Un,u} = Bo(h, In) 
is a linearly dependent set. The proof is complete. 














Definition 2.41. Let W[J;, Iz] be a refined neutrosophic subhypervector space of a strong refined neutro- 
sophic hypervector space (V (11, Iz), +, ¢, K (11, Iz)) over a refined neutrosophic field K (1, Iz). The quotient 
V(h, I2)/W[hh, Ia] is defined by the set 


{(v] =v + Wih, bb] :v € V(h, bs)}. 
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Proposition 2.42. Let V(I), I2)/W[h, Io] = {[vu] =v+W hh, fe] :v € V(h, L)}. 
If for every [ul], |v] € Vi, I2)/W[hh, Lo] and a € K (Nh, Iz) we define: 
[u] @ [vo] = (ut+v) + WIL, B] 
and 
a® [u] = [ve ul = {[2]: 2 eae}. 


(V (Nh, L2)/W{[h, I], ®, ©, K(h, I2)) is a strong refined neutrosophic hypervector space over a refined neu- 
trosophic field K (I,, Iz) called a strong refined neutrosophic quotient hypervector space. 














Proof. The proof is similar to the proof in classical case. 


Proposition 2.43. Let W[I,, Iz] be a refined neutrosophic subhypervector space of a strong refined neutro- 
sophic hypervector space V (I,, Iz) over a refined neutrosophic field K (Iy, Iz), let (V(N1, I2)/W|hh, 19) be 
as defined in Proposition 2.42], then the following hold: 


1. Wh, 19] is finite dimensional and dim,W (Ih, Iz] < dim,V (hh, Iz). 
2: dim,(V(h, In) /W{h,, 15]) _ dim,V(h, Tp) = dim,W[h, Ip]. 
Proof: 


1. Let By (1K, Iz) be the basis for W[I), Ig] and let Bo (11, Iz) be a basis for V(11, Ig). Since W[Iy, Io] C 
V(ih, Iz) then By (11, Iz) is contained in Bg(Iy, Iz). Therefore B, (11, Iz) is a linearly independent 
subset of V (11, Iz). Then we have that 
|By (Nh, I2)| < |Bo(h, I2)|. Now, since |By (11, I2)| < |Bo(h, I2)| and V (11, Iz) is finite dimensional 
we can conclude that W (J;, Iz) is finite dimensional and 


dim,W (Ih, I2) = |By (Nh, I2)| < |Bo(N, I2)| => dimsV (Nh, Iz). 


2. Let {u1,W2,-+: , Um} be a basis of W[I,, [2]. Then this can be filled out to a basis, 
{u1,U2++* Um, U1, 2,7": , Un} of V(h, Ig), where m+n = dim,V(h, Iz) andm = dim,W[h, Ia]. 
Let [v1], [v2],--- , [Un] be the images in V(11, I2)/W[hh, Io], of v1, v2,-+++ Un. 
Since any vector v € V(J;, J2) is in a linear combination of uy, u2,-+- ,Um,U1,U2,°"* , Un, we have 
that 
UE aye Uy + AQ © Ug +°+> + Am © Um + By © vy + Boe vg +++ + Bn e Un, 
then 
v € [ay eu] @ [az @ ua] @--- @ [Am © Um] & [G1 © v1] @ [B82 © va] @- ++ @ [Bn © Un] 
Cc [G1 e v1 | @ [G2 e v2] Greta [Bn e Un] (since (a; e ui] Cc (a; e Ui) + W[h, Lo] G WIh, I5)) 
= 6, [v1] © Bo @ [v2] B ++» G Bn e [vn]. 
Thus [v;], [va]--- , [vn] span V (11, I2)/W[hh, [2]. We claim that they are linearly independent, for if 











0 € Az © [v1] BAQ@ [va] @- +> BAn © [Un] 
then 
OE 1 © [v1] B Az © [v2] ©-+- OAn © [vn] @ Wh, I] 
OC A, © [vi] Az © [v2] B+» SAn® [vn] BN © [ur] S72 © [v2] @-+- Bm ® [Um] 
which by the linear independence of the set {u1, u2--- ,Um,U1,U2°°* , Un} forces 


A= ye gO 
This shows that V (11, I2)/W[lh, Ia] has a basis of n elements, and 








dims(V (Ni, I2)/W[h, Ip]) =n= (n + m) -—m= dim,V (hh, Ip) = dim,W|h, Ip}. 


Proposition 2.44. Let W,(I1, 12) and W2(, 12) be finite dimensional weak refined neutrosophic subhy- 
pervector spaces of a weak refined neutrosophic vector space V (I, Iz) over a field K. Then W,(1q, Iz) + 
W2(11, Iz) is a finite dimensional refined neutrosophic subhypervector space of V (11, Iz) and 


dimy(Wi (Ni, I2)+Wa(Ni, L2)) = dimy (Wi (h, 2))+dimy (We(h, I2))—dimy (Wi (fi, 12) AW2(hi, 12). 
If V (1, I2) = Wi(h, I2) @ Wo(h, I2) then 
dimy(W, (11, I) + W2(I1, I2)) = dimy(W, (11, I2)) + dimy(Wa(h, Ip)). 
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Proof: We know that W; (11, I2)NW2(N, I2) is arefined neutrosophic subhypervector space of both W; (1, Iz) 
and W2(11, Iz). So W1 (11, I2) NM Wo(Nh, Lz) is a finite dimensional refined neutrosophic subhypervector space 
of V(h, Tp). 

Suppose that dimy(Wi(h, Iz) N W2(ih, I)) = k, dimy(W, (hh, I)) =m and 

dimy(W2(h, I2)) = n then we have that k < mandk < n. 

Now, let {u1, u2,--- , ux} be a basis of Wi (1), I2) N Wo(h, Iz). Then we have that {w1, u2,--- , uz} isa 
linearly independent set of refined neutrosophic vectors in W;[J1, Ig] and W2[J), [2] with k < mandk < n, 


then it follows that either {uw1,u2,--- , ux} is a basis of Wi[I1, Ig] and W[11, [2] or it can be extended to a 
basis for Wi [[y, [2] and Wo[h, Io] - 
Let {uy, U2,°++ , Up, V1, V2,°°* ; Um—K} be a basis for Wy [,, [2], and let {u1, u2,--- , Up, Wi, We,°** ,Wn—K} 


be a basis of Wi [Jy, 19}. 

Then the refined neutrosophic subhypervector space W,[11, [2] + W2[N, 12] is spanned by the refined neutro- 
sophic vectors {u1, t2,+++ , Uk, V1, V2,°"*Um—k, W1, W2,*** ;Wr—z} and these refined neutrosophic vectors 
form an independent set. For suppose 


k m n 
BED jaaus + >) Bir + D | Wer. 
i=1 j=l r=1 
Then 


+ sas € Ss + > B5v5 
r=1 i=l j=l 
k m 
Yo ) Cc So Je agus +S > (-1) ¢ By; 
r=1 i=1 j=l 


k 


= De ae Cy) Ug Ba B5)v; 


4=1 j= 





B 


which shows that 5>""_, 7,.w, belongs to W,[I;, [2]. As >7""_, 7,w, also belongs to W2[J;, 9], it follows 


that 
n k 
Soe = SA 
r=1 4=1 
for certain scalars 41, A2,°-+ , Ak. 
Because the set {u1, u2,--+ , Ux, W1, W2,°** , Wn—K} is independent, each of the scalars 
Yr = 0. Thus 
k m 
Be Dawns +) | Biry 
i=1 j=l 
and since {u1, U2,-°** , Uk, U1, V2,°** ; Um—k} is also an independent set, each a; = 0 and each 8B; = 0. Thus, 
{U1,Ua2,*** , Ug, U1, V2,°** »Um—ky W1, W2,°** ,Wn—K} is a basis for 
Wi (hi, fo] + Wo[h, Lo]. 
Finally, 
dim, (Wi (hh, Ip) + Wa(hh, Iz)) = k +m — k +n — k 
=mt+n-—k 


=> dimy(Wi(h, Iz)) + dimy(We(h, I2)) = dimy(Wi(h, Ip) M W2(Ih, I2)). 


Definition 2.45. Let (V (11, Iz), +,¢, K(h, I2)) and W(Nh, Iz), +’, e’, K(h, I2)) be two strong refined neu- 
trosophic hypervector spaces over a neutrosophic field K (11, Iz). 

A mapping ¢: V(i, I2) —> W(hh, J2) is called a strong refined neutrosophic hypervector space homomor- 
phism if the following conditions hold: 


1. dis a strong hypervector space homomorphism. 
2. 6(0, 4, Ia) = (0, hf, 2). 


If in addition ¢ is a bijection, we say that V (11, Iz) is isomorphic to W (11, I2) and we write 
V(h, 12) = Wh, Ig). 
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Proposition 2.46. Let (V (1), I2),+,¢, K(h, I2)) and (W (hh, Iz), +,¢, (Nh, I2)) be two strong refined neu- 
trosophic hypervector spaces over a refined neutrosophic field K (I), Iz) and let @: V(h, Iz) — W(h, Iz) 
be a bijective strong refined neutrosophic hypervector space homomorphism. 

If BU, Iz) = {ur = (a1, 6111, e112), u2 = (G2, boli, c212),°++ 5 Un = (Ans bnti,enIn)} is a basis for 
V(h, 12), then B’ (1), Iz) = o(B(h, I2)) = (b(t), (uz), - ++ , P(Un)} is a basis for W (1h, I). 


Proof. Suppose that B(11, Iz) is a basis for V (1), I). Then for an arbitrary u = (a,bl,,cl2) € V(h, 12), 
there exist refined neutrosophic scalars 
ay = (ki, m1, tiTz), a2 = (ko, M2Ih, tela), +++ 5 Qn = (kn, Mn, tng) € K (Nh, Iz) such that 


WEA, eU;,+azgeUug+::-+An © Un 


=> o(u) € O(ar eur + a2 © U2 +++» + An © Un) 
=a ,e o(ur) + ape’ (uz) +/--- 4+! a, eo! (un). 


Since ¢ is surjective, it follows that ¢(u), 6(u1), 6(u2),--- , O(n) € WU, Iz) and therefore 
o(u) € span(B’ (11, I2)). To complete the proof, we must show that B’(J;, Iz) is linearly independent. 
To this end, suppose that 


(9) € Br ©’ (ur) +’ Bo @! (uz) +' +--+" Bye! b(un) 
where 8, = (p1, q114, 8112), G2 = (pa, goti, $212),--- , Bn = (Pn Onli, Snt2) € K (hh, I), then 
$(0) € o(B1 © u1) +’ O(82 @ U2) +' © +’ b(Bn © Un) 
= (61 eur + Bg ug +--+ Bp e un). 





Since ¢ is injective, we must have 











0 € Bleu, t Poeugt---+ Bye Un. 


Also, since B(11, Iz) is linearly independent, we must have 


By = Bz =-+- = Bn = (0,011, Ol). 
Hence B’ (I, Iz) = {$(u1), b(u2),--- , b(un)} is linearly independent and therefore a basis for W (14, Iz). 




















Remark 2.47. Suppose we wish to transform a refined neutrosophic hypervector space into a neutrosophic 
hypervector space, an interesting question to ask will be, can we find a mapping that will help us achieve this? 
The answer to this is Yes. 

The mapping ¢ : V(y, 12) —> V(J) defined by 


b((a, yl, zl2)) = (x, (y + z)I) Vix, y, 2 eV 


will make such transformation possible. This mapping is a non-neutrosophic one. This make sense since every 
refined neutrosophic hypervector space and neutrosophic hypervector spaces are hypervector spaces. 


Proposition 2.48. Let (V (I), I2),+,¢) be a weak refined neutrosophic vector space over a field K and let 
V (1) be a weak neutrosophic vector space over K. The mapping ¢ : V (11, Iz) —> V (I) defined by 


O((a, yh, zl2)) = (a, (y+2)D Va,y,z€V 
is a good linear transformation. 
Proof. ¢ is well defined. Suppose (x, yl, zIz) = (x’y'Ih, 2’ Iz) then we that x = a2’, y = y’ and 2’ = 2’. So, 
P(t, yi, 2l2)) = (@, (y+ 2) =a! + (yl t+2)l = (2, y'h, 2h). 


Now, suppose (2, yl, 2I2), (a’, y’h, 12’Ig) € V(h, Iz) then 
b(t, yh, 212) + (x,y, 2'I2)) = ((2+2'), (yty)h, (z+ 2/)l2) 
= (ete), ytyte+2)l 
- (ytz)+(y+2))l 
( 








( (y 
= ( (ytz)I+(y + 2)D) 
z eee 


(2, yh, zI2) + o(2, yh, 212). 
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O(ko(a,yh,zl2)) = o{(a,bhi,clz):a€kou,bekoy,cekoz} 
= {d(a,bh,clo):ackor,bekoy,cEkoz} 
= {(u,vl):uwea,vebt+c} 
= {(uvl):uckor,vEkoy+koz} 
= {(uvl):uekor,vEeko(y+z)} 

ko (x, (y+ z)L) 

= kod(a,yh, zl). 
Hence ¢ is a good linear transformation. 














Proposition 2.49. Let Ly(V (11, I2),V(L)) be the set of good linear transformation from a weak refined 
neutrosophic vector space V (I;, Iz) over a field K into a weak neutrosophic vector space V (I) over a field 
Kx. Define addition and scalar multiplication as below; 


(o+ w)(x, yh, 212) = b((x, yh, 212)) + W((z, yh, z12)) 


and fork € K 
(ko) (2, yh, z12)) = ko(a, yl, 21). 


Then, it can be shown that (Ly,(V (hh, I2), V(1)), +, -) is a weak neutrosophic strongly distributive hypervector 
space. 


Definition 2.50. Let ¢ : V(1), 2) —> V(J) be a good linear transformation, then 
kerd = {(a, yh, 2l2): O(a, yh, zl2)) = (0,01)} 

{(w, yhi, zl2) : (w, (y + 2)1) = (0, 02)} 

= {(0,yh, (-y)l2)}- 


Proposition 2.51. Let ¢: V(I1, 12) —> V(L) be a good linear transformation. 
1. ker ¢ is a subhyperspace of V (Ii, Iz). 


2. If W[Ih, Ia] is a refined neutrosophic subhyperspace of V (I), Iz), then the image of W[Ih, Iz], 6(W (hh, L2]) 
is a neutrosophic subhyperspace of V (I). 


3 Conclusion 


This paper studied refinement of neutrosophic hypervector space, linear dependence, independence, bases and 
dimension of refined neutrosophic hypervector spaces and presented some of their basic properties. Also, the 
paper established the existence of a good linear transformation between a weak refined neutrosophic hyper- 
vector space V (11, J2) and a weak neutrosophic hypervector space V (I). We hope to present and study more 
properties of refined neutrosophic Hypervector spaces in our future papers. 
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Abstract 


In this paper, A new type of separation axioms in the neutrosophic crisp Topological space named neutrosophic 
crisp pre separation axioms is going to be defined , in which neutrosophic crisp pre open set and neutrosophic 
crisp point are to be depended on. Also, relations among them and the other type are going to be found. 


Keywords: Neutrosophic crisp pre separation axiom, neutrosophic crisp separation axiom, neutrosophic crisp 
point, Neutrosophic crisp semi separation axiom. 


1. Introduction 


In 1995, F.Samarandache generalized the fuzzy logic concept into the neutrosophic logic which presents a more 
detaied and concise description than the fuzzy logic and classical logic; then several researches emerged in this 
logic, in all branches of mathematics, especially Topology. 


In 2012 A. A Salama et al. defined the concept of the neutrosophic set. Also, in 2020 A. Al-Nafey, R. Al-Hamido 
and F. Smarandache define the neutrosophic crisp separation axioms[2]. Also, in 2020 R. K. Al-Hamido, L.A. Salha 
and T. Gharibah define neutrosophic crisp semi separation axioms[ 13]. 

Recently, the neutrosophic crisp set theory may have applications in image processing [3-4]and possible applications 
to database[6]. Also, neutrosophic sets [7] have applications in the medical field [8-11], [9], [10], [11] and in the 
field of geographic information systems[5].Many researchers studied topology, and they had many contributions to 
neutrosophic toplogy as [14], [15], [16], [17] and [18] and in neutrosophic bitopology in [19], [20], [21] and [22], 
and in neutrosophic algebra in [23], [24], [25], [26] and [27]. 


In this paper, neutrosophic crisp pre separation axioms via neutrosophic crisp pre open set and neutrosophic crisp 
point are going to be studied. 


Lastly, the definition of separation axioms is as follows T;,i = 0,1,2 and the relations among them. 


2. Preliminaries 
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In this paper, the symbol (y,J) means a neutrosophic crisp topological space (N,TS), Also 


N,. OS (N,. CS) means a neutrosophic crisp open(closed) sets and neutrosophic crisp pre open set in N,TS mean a 
N,P.OS. 

Some important definitions to this paper will be shown. 

Definition 2.1. [1] 


Suppos that X # @ be a fixed set. A neutrosophic crisp set (N,.S) Uis an object with the U=< U;, U2, U3> shape; 
U,, Uz and Ugare subsets of X. 


Definition 2.5. [12] 
Suppos that y be a non-empty set. And x,y,ze y, then: 
a. Xy,=<{X},0,0 > is called a neutrosophic crisp point (N,Py,) in x. 


b. yn,=<@,{y},@ > is called a neutrosophic crisp point (N-Py,) in y. 
Cc. Zy,=<@,@, {z} > is called a neutrosophic crisp point (N;Py,) in x . 
The set of all neutrosophic crisp points (N,Py,, NcPy,,N-Py,) 1s denoted by NCPy. 


Definition 2.6. [12] 

Suppos that (,J) be an NcTS. Then y is called: 

a. N,JTo-space for every two diffrant points from y there exists neutrosophic crisp open set in y containing one of 
them but not the other. 

b. N2To-space for every two diffrant points from y there exists neutrosophic crisp open set in ¥ containing one of 
them but not the other. 

c. N3To-space for every two diffrant points from y there exists neutrosophic crisp open set in y containing one of 
them but not the other. 


Definition 2.7. [12] 


Suppos that (y,J) be an NcTS. Then y is called: 

a. N,Ti-space for every two diffrant points from x are Xy,, Yn, there exists two neutrosophic crisp open set M1, 
M> in x such that xy,¢ Mi, yn, ¢ Mi andxy, ¢ Mo, yn, € M2. 

b. N,Ti-space for every two diffrant points from y are xy,, Yn, there exists two neutrosophic crisp open set M1, 
M2 in x such that xy, € Gi, yy, ¢ Gi and xy, ¢ G2, Yn, © G. 

c. N3Ti-space for every two diffrant points from y are Xy,, Yn, there exists two neutrosophic crisp open set M1, 
Mb in x such that xy,¢Mi, yn, ¢Mi and xy, ¢ M2, yn, € 
M2. 


Definition 2.8. [12] 


Suppos that (y,J) be an NcTS. Then x is called: 

a. N,T2-space for every two diffrant points from y are Xy,, Yn, there exists two neutrosophic crisp open set M1, 
Mb in x such that xy,€ Mi, yy, ¢ Mi and xy, ¢ M2, yn, € Mo. with MiNMo= @. 

b. N,2T»-space for every two diffrant points from y are Xy,, Yn, there exists two neutrosophic crisp open set M1, 
M2 in x such that xy,€ Mi, yn, ¢ Mi and xy, ¢ Mo, yn, € Md with MiNMo= @. 

c. N3T2-space for every two diffrant points from y are xy,, Yn, there exists two neutrosophic crisp open set Mi, 
Mp in x such that xy,€ Mi, yn, ¢ Mi and xy, ¢ Mo, yn, € Mo with Min Mo= @. 


Definition 2.9. [13] 

Suppos that (y,J) be an NcTS. Then y is called: 

a. Nj semiTo-space if for every xy, # Yn, €x there exists NcS.OS M in x containing one of them but not the other. 
b. NzsemiTo-space if V xy,# Yn, €X there exists NcS.OS M in x containing one of them but not the other. 

c. N3semiTo-space if V xy,# Yn, €X there exists NcS.OS M in x containing one of them but not the other. 
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Definition 2.10. [13] 
Suppos that (y,J) be an NcTS. Then y is called: 


a. 


N, semiT\-space if for every Xy,# yn, €x there exist NcS.OS M1, M2 in x such that xy, ¢ Mi, yn, ¢ Mi and 
Xn, € Mo »YnN, €& Mb. 

N2semiT1-space if V xy, # Yn, €x there exist NcS.OS Mi, M2 in y such that xy, € Gi, yn, ¢ Gi and xy, ¢ G, 
Yn, € G2 

N,semiT-space if V Xy, # Yn, €X there exist NcS.OS M1, M2 in x such that xy, €M1, yy, #Mi and xy, ¢ M2, 
Yn; © M2 


Definition 2.11. [13] 
Suppos that (y,J) be an NcTS. Then y is called: 


a. 


N,semiT»-space if for every Xy,# Yn, €x there exists NcS.OS Mi, M2 in x such that xy,¢ Mi, yn, ¢ M1 and 
Xn, € Mo, Yn, € Mb. with MjNMo= @. 

NzsemiT2-space if V Xv, # Yn, €x there exists NcS.OS M1, M2 in y such that xy,¢ Mi, yn, ¢ Mi and xy, ¢ M2 
» Yn, € M2 with M\NM>= @. 

NzsemiT2-space if V xy, # Yn, €x there exists NcS.OS Mi, M2 in x such that xy,¢ Mi, yn, ¢ Mi and xy, ¢ 
Mb, Ynz € M2 with Min Mo= @. 


3. Separation axioms via pre open sets 


This section introuduces a new type of separation axioms in the neutrosophic crisp Topological space named 
neutrosophic crisp pre separation axioms. 


Definition 3.1. 
Suppos that (y,T) be an NcTS. Then y is called: 


d. 
e. 


f. 


N,preTo-space if for every Xy,# yn, €x there exists N-P.OS M in x containing one of them but not the other. 
NzpreTo-space if V xy,# yn, €X there exists N-P.OS M in x containing one of them but not the other. 
NzpreTo-space if V Xy,% Yn, €x there exists NcP.OS M in x containing one of them but not the other. 


Definition 3.2. 
Suppos that (y,T) be an N-TS. Then y is called: 


d. 


N,Ti-space if for every Xy,# Yn, €x there exist NcP.OS M1, M2 in yx such that xy,¢ Mi, yn, ¢ Mi and xy, ¢ 
M2, yn, € M2. 

N2preT1-space if V xy, # yn, €x there exist NcP.OS M1, M2 in x such that xy, €¢ Gi, yn, ¢ Gi and xy, ¢ G2, 
yn, € G2 

NzpreTi-space if V Xn, # Yn, €x% there exist NcP.OS M1, M2 in x such that xy,¢M1, yn, #Mi and xy, ¢ M2, 
Yn, © M2 


Definition 3.3. 
Suppos that (y,T) be an N-TS. Then y is called: 


d. N,preT2-space if for every xy,# yn, €x there exists NcP.OS M1, M2 in x such that xy,¢ M1, yn, ¢ M1 and 
Xn, € M2, yn, € Mb. with MinMo= @. 

e. N2preT2-space if V xy, # Yn, €x there exists NCP.OS M1, M2 in x such that xy, € Mi, yn, ¢ Mi and xy, ¢ M2, 
Yn, € Mp with Mi|NM>= @. 

f. N3preT>-space if V xy, * Yn, €x there exists NcP.OS Mj, M2 in x such that xy,¢ Mi, yn, ¢ Mi and xy, ¢ 
Mb, Ynz € M2 with Min Mo= @. 

Theorem 3.4. 


Suppos that (y,T) be an N-TS, then : 
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Proof: 

1. Suppose that (y,T) is an N,To-space, therefore for every two xy, ¥ Yn,, there exists an Nc.OS M in x 
containing one of them to which the other does not belong. So there exists an NcP.OS M in y containing 
one of them to which the other does not belong, therefore X is N,preTo-space. 

2. Suppose that (y,T) is an N2To-space, therefore for every two Xy, # Yn,, there exists an N..OS M in x 
containing one of them to which the other does not belong. So there exists an NcP.OS M in y containing 
one of them to which the other does not belong, therefore X is NzpreTo-space. 

3. Suppose that (y,T) is an N3To-space, therefore for every two Xy, # Yn,, there exists an Nc.OS M in x 
containing one of them to which the other does not belong. So there exists an NcP.OS M in y containing 
one of them to which the other does not belong, therefore X is N3preTo-space. 














Remark 3.5. 

The converse of theorem 3.4 is not true., as it is shown in the following examples. 

Example 3.6. 

Let x = {a,b,c},T = {On Xv ,A},A = {< { a}, @,@ >} 

N,-P.OS = TU{B ={< {a,c},9,0 >},€ = {< {a,b}, 0,0 >}}. 

Let xy, = {< {)},0,0 >}4 yn, = {< {c}, 0,0 >}ex there is no a N..OS M in x containing one of them but not 
the other. Therefore (y,T) is not N;,To-space. 

Let xy, = {< {}},9,0 >}¢ yn, = {< {a}, 0,0 >}ex there is a N-P.OS B in y containing one of them but not the 
other. 

Let xy, = {< {a},6,6 >}# Wy, =< {c},@,@ >}ex there is a N-P.OS A in x containing one of them but not 
the other. 

Let xy, = {< (b},0,0 >}4 Yu, ={< { c},@, ® >}ex there is a N..OS B in x containing one of them but not the 


other. Therefore (y,T) Ni preTo-space. 


Then (y,T) NipreTo-space, But (y,T) is not N,To-space. 
Example 3.7. 


Let x = oa aca va = {Oy Xn A }A = ie: {a},6,@ >} 

N.P.OS = TU{LB = {< {a,c},0,0 >},C = {< {a,b}, 0,0 >}}. 

Let xy, ={< 9,{b},0 >}4 yn, = {< 9, { c}, O >}ex there is no a N..OS M in x containing one of them but not 
the other. Therefore (y,T) is not N2To-space. 

Let xy, = {< @,{b},@ >}+ yn, = {< 0, { c},@ >}ex there is a N-P.OS B in x containing one of them but not 
the other. 

Let xy, = {< @,{a},@ >}# yn, = {< 0,{c}, 0 >}ey there is a NP.OS A in x containing one of them but not 
the other. 

Let xy, = {< 0,{b},0 >} yn, = {< 0, { a}, O >}ex there is a N-P.OS A in x containing one of them but not 
the other. Therefore (y,T) NopreTo-space. 


Then (y,T) NopreTo-space, But (y,T) is not N2To-space. 
Example 3.8. 


Let x = {a,b,c},T = {Oy Xn A LA = {< { a}, 0,0 >} 
N.P.OS =TU{B = {< {a,c},0,0 >},C = {< {a,}},G,0 >}}. 
Let xy, = {< 9,9,{ b} >} yn, = {< 9,0,{ c} >}ex there is no a N..OS M in x containing one of them but not 
the other. Therefore (y,T) is not N3To-space. 
Let xy, = {< 9,0,{ b} >} yn, = {< 0,0, {c} >}ex there is a N-P.OS B in x containing one of them but not the 
other. 
Let xy, = {< 0,9,{ a} >}+ yn, = {< 9,9, {c} >}ex there is a N-P.OS A in x containing one of them but not the 
other. 
Let xy, = {< 9,0,{ b} >}# yn, = {< 9,0, { a} >}ex there is a N..OS A in x containing one of them but not the 
other. Therefore (y,T) N3preTo-space. 
Then (y,T) NspreTo-space, But (y,T) is not N3To-space. 
Theorem 3.9. 
Let (y,T) be an N,TS, then : 

1. Every N,Ti-space is N,preT1-space. 
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2. Every N2Ti-space is NopreT1-space. 
3. Every N,Ti-space is N,preTi-space. 


Proof: 
1. Suppose that (y,T) is an N,Ti-space , therefore for every two xy, # Yn, » there exist an Nc.OS M1, M2 in x 
such that xy,¢ Mi, yn, ¢ Miandxy, ¢ M2, yn, € M2. So there exists an NcP.OS M1, Mp in x such that 
Xn, © Mi, yn, ¢ Mi and xy, ¢ Mo, yn, € MD. 
Therefore X is N,preT1-space. 
2. Suppose that (y,T) is an N2Ti-space , therefore for every two Xy, # Yn, » there exist an Nc.OS M1, M2 in x 
such that xy,¢ Mi, yn, ¢ M1 andxy, ¢ Mo, yn, € Mo. So there exists an NcP.OS M1, M2 in x such that 
Xn, © M1, yn, ¢ Mi and xy, ¢ Mo, yn, € MD. 
Therefore X is NapreT1-space. 
3. Suppose that (y,T) is an N3T1-space , therefore for every two Xy, # Yn, » there exist an Nc.OS M1, Mp in x 
such that xy,€ Mi, yn, ¢ Mi and xy, ¢ M2, Yn, € M2. So there exists an NCP.OS M1, Mp in x such that 
Xn, © Mi, Yn, ¢ Mi and xy, ¢ Mo, yn, € MD. 
Therefore X is NzpreT1-space. 
Remark 3.10. 
The converse of a theorem 3.9 is not true, as it is shown in the following example. 
Example 3.11. 
Let x a {a,b,c} 7 > {On Xn ,A, B},A = {< {a}, 9,@ >},B = {< { b, ch, 0,9 >}. 
N,P.OS = TU{G = {< {b},0,0>},C ={< {c},0,0>},E = {< {a,b},0,0 >},H ={< {a,c}, 0,0 >}}. 
Let xy, = {< (b}, 0,0 >}# yn, = {< (c}, 0,0 >}ex there is no Nc.OS M1, M2 in x such that xy, € Mi, yn, ¢ 
M: and xy, ¢ M2, yn, € Mo. Therefore (y,T) is not N,Ti-space. 


Then (y,T) NipreTi-space, but (y,T) is not N,Ti-space. 
Example 3.12. 


Let x -_ 10,5, 6}, 7 = {Oy Xv ,A, B},A = {< G,{ a},@ >}. B = {< @,{ b,c},@ >}. 

N-S.OS = TU{G ={< O,{ b},0 >},C ={< O(c}, 0 >}, FE ={< 0,{a,b},6 >}, H = {< ,{a,c},O >}}. 
Let xy, = {< 0, { b}, 0 >} yn, = {< G,{ c}, O >}ex there is no Nc.OS M1, M2 in x such that xy, € Mi, yn, ¢ 
M; and xy, ¢ Mo, yy, € M2. Therefore (y,T) is not N2Ti-space. 


Then (y,T) NopreTi-space, but (y,T) is not N2Ti-space. 
Example 3.13. 


Let x = {a,b,c},T = {Oy ,Xy , A, B},A = {< 6,0, { a} >}, B = {< 0,0, { b,c} >}. 

N.S.OS = TU{G = {< 0,6,{b} >},C = {< 0,6, {c} >}, FE ={<G6,0,{ a,b} >},H ={<G,G,{a,c} >}}. 
Let xy, = {< 0,0,{ b} >}# yn, = {< 9,9, { c} >}ex there is no Nc.OS M1, M2 in x such that xy,€ Mi, yn, ¢ 
M; and xy, ¢ M2, yn, € M2. Therefore (y,T) is not N,Ti-space. 


Then (y,T) N3preTi-space, but (y,T) is not N3Ti-space. 
Theorem 3.14. 
Let (y,T) be an N-TS, then : 

1. Every N,T2-space is N,preT2-space. 

2. Every N2T2-space is NopreT2-space. 

3. Every N,T2-space is N,preT2-space. 


Proof: 
1. Suppose that (x,T) is an N,T2-space , therefore for every two Xy, # Yn, » there exists an Nc. OS Mi, M2 in 
x such that xy,¢ Mi, yy, ¢ Mi and xy, ¢ M2, yy, € Mo. with MiNMo= @. So there exists NcP.OS M1, 
Mb in x such that xy,€¢ Mi, yn, ¢ Miandxy, ¢ Mo, yn, € M2. with MiNMo= @. 
Therefore X is N,preT>-space. 
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2. Suppose that (y,T) is an N2T2-space , therefore for every two xy, # Yn, , there exists an Nc.OS M1, M2 in 
x such that xy,€ Mi, yn, ¢ Mi and xy, ¢ M2, yn, € Mo. with MiNMo= @. So there exists NcP.OS M1, 
Mb in x such that xy,€ Mi, yn, ¢ Miandxy, ¢ Mo, yn, € M2. with MiNMo= @. 
Therefore X is N,preT2-space. 
3. Suppose that (y,T) is an N3T-space , therefore for every two Xy, ¥ Yn, » there exists an Nc.OS M1, M2 in 
x such that xy,¢ M1, yy, ¢ Mi and xy, ¢ Mo, yy, € M2. with MiNMo= @. So there exists NcP.OS M1, 
Mb in x such that xy,€ Mi, yy, ¢ Miandxy, ¢ Mo, yy, € M2. with MiNMo= @. 
Therefore X is N3preT2-space. 
4. 
Remark 3.15. 
The converse of the Theorem 3.14 is not true, as it is shown in the following example. 
Example 3.16. 


In example 3.11. (y,T) NipreT2-space, but (y,T) is not N;,T2-space. 
Example 3.17. 


In example 3.12. (y,T) N2preT2-space, but (y,T) is not NTo-space. 
Example 3.18. 
In example 3.13. (y,T) NspreT2-space, but (y,T) is not N3T2-space. 
Theorem 3.19. 


Let (y,T) be an N.TS, then : 


1. N,preT2-space > N,preT-space > N,preTo-space. 
2. NzpreT2-space => N>zpreT1-space > NzpreTo-space. 
3. N3preT2-space > N3preT\-space > N3preTo-space. 
The converse of the Theorem 3.19 is not true. 
Remark, 3.21. 
Relations among the different types of neutrosophic crisp separation axioms which were studied in this paper, 
appear in the following diagram. 


Ni-ST>-space ———> Ni-ST-space ——> Ni-STo-space. 


Ni-T2-space ——> Ni-Ti-space ——> Ni-To-space. 


if i 
Ni-PT2-space ———> Ni-PT\-space ——> Ni-PT.-space. 


<|— 


i=0,1,2. 





Conclusion 


In this paper, a new type of neutrosophic crisp separation axioms has been defined by using neutrosophic crisp pre 
open sets and certain point in the neutrosophic crisp topological spaces. Moreover, the connections between 
neutrosophic crisp pre separation axioms and the existing neutrosophic crisp separation axioms are studied. And 
many examples are presented to clear the concepts introduced. Also, proof their basic properties. Also, investigate 
their fundamental properties and characterizations. 
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Abstract 


In a previous paper in this journal (IJNS), it is mentioned about a possible approach of “curemony” as a middle way 
in order to reconcile Eastern and Western’s paradigms of medicine [1]. Although it is known in literature that there 
are some attempts to reconcile between Eastern and Western medicine paradigms, known as “integrative medicine, ” 
here a new viewpoint is submitted, i.e. Bong Han duct system (PVS), which is a proof of Meridian system, can be a 
bridge between those two medicine paradigms in neutrosophic sense. This can be considered as a Neutrosophic Logic 
way to bridge or reconcile the age-old debates over the Western and Eastern approach to medicine. It is also hoped 
that there will be further research in this direction, especially to clarify the distinction between Pasteur’s germ theory 
and Bechamp’s microzyma theory. More research is obviously recommended. Motivation of this paper: to prove that 
Neutrosophic Logic offers a reconciliation towards better dialogue between Western and Eastern medicine systems. 
Novelty aspect: it is discussed here how Bong Han Duct system offers a proven and observable way to Meridian 
system, which in turn it can be a good start to begin meaningful dialogue between Western and Eastern systems. 


Keywords: Pasteur, microzyma, Bechamp theory, meridian system, Bong Han Kim, Bong Han duct system, 


neutrosophic logic 


1.Introduction 


In the light of recent advancements on the use of Neutrosophic Logic in various branches of science and mathematics, 


this paper discuss possible application in medicine philosophy. See for instance [13-19]. 


This paper is inspired partly by the movie, Jewel in the Palace (Dae Jang Geum). One of these authors (VC) has a 
younger brother who likes to watch that movie. He already completed watching the entire series (more than 70 


episodes) more than three times. According to a good documentary on that movie [11]: 
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A history book courageous woman is reawakened in a hit TV dramatization. In 1392, the Joseon Dynasty 
appeared. The rulers of Joseon would lead the Korean landmass until the administration fell, to be supplanted 
by a Japanese provincial system, in 1910. All things considered, Joseon's heritage suffers: It was one of the 
world's longest-running imperial administrations. In the "Joseon-Wangjo-Sillok" - "The Annals of the Joseon 
Dynasty;" the official record of the realm - a lady named "Daejanggeum" is referenced. She lived during the 
tule of King Jungjong (1506~1544), and the archives disclose to us that she had been a low-positioning court 
woman who picked up the ruler's trust and was elevated to the most noteworthy positioned woman in the 
kitchen, and furthermore to regal doctor. In one notice in the archives, the ruler states, "J have nearly 
recuperated from the sickness of a couple of months. So I should offer honors to the individuals who put forth 
bunches of attempts to fix me. Give the imperial doctors and euinyeo (female associate) Daejanggeum 
blessings." 





Bo © 352) i 
Oo fn 
4 of 83 = Contents 0 — + ® FZ Gikittopege (BD Pageview | A Readaloud ff Addnotes ch B | 8 
HAS f+ Se POR Pl Pra sa 
Rec Le iM ‘ : 4 
PA & a 


Bs: 


ae 
¥xe 
& 
ee 
& 
*, 
oe 
Oo 


r 
Ss: 

ES 

4 









T 
BIRT Bev 


a He 

Rsee 

wi | 
phd 
Fs 

i ie hairins 
AEE, 


Ed 


inka 


Feta sake 
ReaD 


ce EHO 


eure 
Shh 
Baal 
RS 


MEA 
dak 
a 

Fs 


=e are 
ERS a hae sy 
[SEAS fe dpa 


) 
2 


ay 
P| 
we 
oF LAX, 


BARD 
Rist, 
= hit 
b 
bf 
WERTH 
re 
AALS 


Catal 
ewe tie Back 


tH RES WA 


3 
Seok HGS! | eae Te see 
) 
3 
> 
2 re 
ca 


Sy 
_ Were syed: 
Bale 


Sr oie 
> 


in 
iotas 
REAAMSS 





EAA YM 
tase 

{i HF a} inf: 
REP LBS 

+ Ae Sah we mse 


F 


Janggeum's name appeared in “Joseon-Wangjo-Sillok* 





Figure 1. Jang Geum name was recorded in the "Joseon-Wangjo-Sillok" - "The Annals of the Joseon 


Dynasty.” After Kang Min Su [11] 


What is more interesting to these authors, is not only the depiction of royal palace at the time, but also the use of royal 


cuisine as medication, beside the use of acupuncture methods.[11] 
Now it seems obvious for Western scholars to pause at this point and ask: “What? Acupuncture? Are you joking?” 


This short review paper is discussing that approach: whether it is possible to reconcile both Eastern and Western 
medicine paradigms from the view point of Bong Han Kim’s duct system (PVS) and its relation to Bechamp’s 


microzyma. 
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As it is brought up in [1], it is notable by most medication experts, that Western way to deal with medication depends 
on "assaulting" an infection, individually. This is called germ hypothesis: one remedy for one ailment (Pasteur). On 
the contrary side, Eastern medication is situated specifically on old knowledge of restoring the parity (harmonious 
functions) of the body, at the end of the day: to blend our body and our live with nature. In spite of the fact that those 
two methodologies in medication and social insurance have caused such a large number of contentions and false 
impressions, really it is conceivable to do an exchange between them. From Neutrosophic Logic’s point of view, a 
goal to the above clashing ideal models can be found in creating novel methodologies which acknowledge the two 
conventions in medication, or it is conceivable to call such a methodology: "curemony," for example by 
simultaneously relieving an infection and reestablishing harmony and returning concordance in one's body-mind-soul 


all in all. 


Now it is known that one of the objections by Western scholars about the Eastern medicine (based on meridian points) 
is the unobservability of meridian vascular/duct system. This makes meridian system neglected in almost all textbooks 
taught in Western medicine schools. Therefore, here a new viewpoint is submitted, i.e. Bong Han duct system (PVS), 
which is a proof of Meridian system, can be a bridge between those two medicine paradigms in neutrosophic sense. 
This can be considered as a Neutrosophic Logic way to bridge or reconcile the age old debates over the Western and 


Eastern approach to medicine. 


It would be a lot easier to merge both the eastern (ancient) and the modern western curative system in terms of 
neutrosophy. These neutrosophic intermediates will help further to boost dialogues between those Western and Eastern 
system and their useful information. This neutrosophic intermediator is actually dealing with conscious of both non- 


matter and matter in terms of ancients and modern techniques. 


2. Introduction to Bong Han duct system 


Nonetheless, in literature it is recorded that Bong Han Kim is a Professor in Biology in Korea. Around 1950-1960 he 
found the vessel which is a "duct" to known Eastern Meridian system, which is already known in acupuncture medicine 
system. Therefore it seems like a bridge between Western and Eastern medicine paradigms. As it is mentioned in 
previous paper [1], this paper will discuss how those paradigms can be reconciled in Neutrosophic Logic, using a 
degree of Western medicine and a degree of Eastern medicine, as the neutral part of neutrosophy. To us, Bong Han 


duct system is a good way to start a healthy and meaningful dialogue between those two paradigms in medicine. 
As Vitaly Vodanoy wrote, which can be rephrased as follows: 


“Tn the 1960's Bong Han Kim found and described another vascular framework. He had the option to separate 
it unmistakably from vascular blood and lymph frameworks by the utilization of an assortment of techniques, 
which were accessible to him in the mid-twentieth century. He gave nitty gritty portrayal of the framework 
and made thorough graphs and photos in his distributions. He showed that this framework is made out of 
hubs and vessels, and it was answerable for tissue recovery. In any case, he didn't reveal in subtleties his 
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techniques. Thus, his outcomes are moderately dark from the vantage purpose of contemporary researchers. 
The stains that Kim utilized had been idealized and being used for over 100 years. In this manner, the names 
of the stains coordinated to the unequivocal conventions for the use with the specific cells or particles. 
Generally, it was not typically important to portray the strategy utilized except if it is altogether strayed from 
the first technique.”[9] 
Although his method was almost forgotten until recently, it has been recovered again in the past decade. It is clear 
therefore, that Bonghan Kim’s work, who essentially (and without being aware of the work previously done by 
Bechamp) discovered that what we call the 'Meridian System' (known as the Kyungrak System in the Korean tongue) 
which exists in the body as an actual third anatomical vascular system, comprised of ducts, ductules, corpuscles, and 
a unique type of fluid, the contents of which tie directly back to Bechamp's own discoveries (work is still being done 
today on the mapping out of this anatomical system, as it is far more extensive than the old Oriental texts gave it 


credit.) See [4]. 
Remark on terminology: 


“Tn a matter of seconds before the primary International Symposium on Primo Vascular System, which was 
held in Jecheon, Korea during September 17-18, 2010, Dr. Kwang-Sup Soh, recommended that it is critical 
to concur upon a solitary phrasing for the Bonghan framework. It was concurred that following terms would 
be embraced: Bong-Han System (BHS) - Primo Vascular System (PVS); Bonghan Duct (BHD)- Primo 
Vessel (PV); Bonghan Corpuscle (BHC)- Primo Node (PN); Bonghan Ductule - P-Subvessel; Bonghan 
Liquor-Primo Fluid (P-liquid); Sanalp-Microcell”[9]. 


Now in the next section, it will be discussed virus research, especially at their beginning. 


Hidden the introduction of virology is a conviction that infections are monomorphism, they are fixed species, 
unchangeable; that each neurotic kind produces (typically) just a single explicit illness; that microforms never emerge 
endogenously, i.e., have supreme source with the host. Thus the worldview prompts conviction called "germ 


hypothesis" of Pasteur: for example one remedy for one disease.[6-7] 


Bechamp recorded standard as the premise of another hypothesis about "infections." Briefly, this guideline holds that 
in every single living life form are organically indestructible anatomical components, which he called microzymas. 
They are freely living sorted out matures, equipped for creating compounds and fit for advancement into increasingly 
complex microforms, for example, microbes. Bechamp's proposition is that infection is a state of one's interior 
condition (landscape); that ailment (and its indications) are "conceived of us and in us"; and that malady isn't created 


by an assault of microentities yet considers forward their endogenous cause. [8] 


All things considered, it is realized that Pasteur duplicated whatever he discovered Bechamp thoughts would fit in his 


own hypothesis. Consequently, Bechamp was unmistakably increasingly unique researcher contrasted with Pasteur. 
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3. A re-interpretation of diseases and virus from Bechamp’s theory 
This section begin by citing [4], which can be paraphrased as follows: 


“Through a cautious perception of the wonders of the thickening of the blood just as the procedure of 
maturation; and as a methods for all the more accurately deciphering the basic idea of these marvels; 
Bechamp straightforwardly saw that there exist a layers of subcellular, miniaturized scale natural living 
structures known as 'microzymas', a word which when interpreted signifies 'minor ages'. These structures 
were alluded to without anyone else and by other people (who came later, and mentioned a similar objective 
facts) as some type of ‘atomic granulations' (more on this beneath). These microzyma are littler in size than 
some other known types of small scale natural life, and fill in as the base establishment for the development 
of every other type of such life.” 

Moreover, on a more recent setting, see Andrew Kaufmann’s report on WHO’s early investigation of the corona 


virus, before it was declared globally as an epidemic.! 


According to Dr. Andrew Kaufman's report, a “virus” as observed is actually an exosome. That is not impossible. 
Even if you want to be more assertive. It's not just the PCR test that is inaccurate. So the so-called virus is indeed 


questionable. Because it relates to the germ theory of Pasteur, meaning each disease will need one type of medicine 


[1][2]. 


That's not right. Pasteur's theory draws a lot from the real expert at the time: Bechamp.[4] 


In essence, according to Bechamp, the source of the disease is most likely to be endogenous. Meaning from within 


the body when adjusting itself to the environment. 


What is interesting to ask here is what kind of the changes in the environment that triggers the emergence of 
symptoms such as excessive thirs? Actually, it is known as one of the symptoms known for electromagnetic 
radiation. Therefore, it is no surprise that there are some allegations by experts: severe radiation disturbances arise in 
Wuhan and Italy and also the USA because of they are the locations where the massive 5G network has begun to be 


installed (see also Firstenberg’s report [5]). 


But this short paper is not intended to discuss more detailed about relation between 5G and covid-19, so this problem 


will be left to others to take up this matter and investigate further. 
4. Concluding remarks 


This paper continued our previous article, where possible approach of “curemony” is discussed as a middle 
Neutrosophic way in order to reconcile Eastern and Western’s paradigms of medicine [1]. Although it is known in 


literature, that there are some attempts to reconcile between Eastern and Western medicine paradigms, known as 


1 Dr. Andrew Kaufman’s interview on corona virus test. url: https://www.youtube.com/watch?v=f9mzdvOEjBe 
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“integrative medicine,” here it is submitted a viewpoint that Bong Han duct system (PVS) which is a proof of meridian 


system, can be a neutrosophic bridge between those two medicine paradigms. 


Here a new viewpoint is submitted, i.e. Bong Han duct system (PVS), which is a proof of Meridian system, can be a 
bridge between those two medicine paradigms in neutrosophic sense. This can be considered as a Neutrosophic Logic 


way to bridge or reconcile the age old debates over the Western and Eastern approach to medicine. 


It would be a lot easier to merge both the eastern (ancient) and the modern western curative system in terms of 
neutrosophy. These neutrosophic intermediates will help further to boost dialogues between those Western and Eastern 
system and their useful information. This neutrosophic intermediator is actually dealing with conscious of both non- 


matter and matter in terms of ancients and modern techniques. 


As mentioned in our previous paper [1], it is also discussed how those paradigms can be reconciled in Neutrosophic 
Logic. To us, Bong Han duct system (PVS) is a good way to start a healthy and meaningful dialogue between those 


two paradigms in medicine. 
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Abstract 

In this paper, a neutrosophic fuzzy data warehouse modelling approach is presented to support the neutrosophic analysis 
of the publishing house for books which allows integration of neutrosophic concept in dimensions and facts without 
affecting the core of a crisp data warehouse. Also we describe a method is presented which includes guidelines that can be 
used to convert a crisp data warehouse into a neutrosophic fuzzy domain. Finally we have presented an OLAP system that 
implements a neutrosophic multidimensional model to represent imprecision using neutrosophic concept in hierarchies and 
facts and achieving knowledge discovery from imperfect data. The use of neutrosophic structures and the definition of the 
OLAP operations (roll-up, drill-down, slice, and dice) enable the model to manage the imprecision of data and hide the 
complexity of the model and provide the user with a more understandable result. 


Keywords: Fuzzy Sets, Neutrosophic Fuzzy Data Warehouse, Neutrosophic Fuzzy Cube, Neutrosophic Fuzzy OLAP 
Operation. 


1. Introduction 


In business scenarios, where some of the data or the business attributes are neutrosophic, it may be useful to construct a 
warehouse that can support the analysis of neutrosophic data. Accurate information about an organization’s state is 
necessary in order to make strategic decisions. Information contains historical data derived from transaction data, but It 
usually include data from other sources such as relational databases, spreadsheets, mainframes, mail systems or even paper 
files Each of these data stores tends to serve a subset of the enterprise for decision making. An increasing number of 
heterogeneous information systems makes retrieving meaningful information more difficult. In order to gather, store and 
process this information, various information systems are used. The enterprise information system map shows often 
numerous, heterogeneous and complex information system constellations. Often, for operational use relational database 
systems are used and for analytical purposes a data warehouse is used. Bill Inmon [1] is cited very often and seems to be 
the father of the term Data Warehouse. In fact, Inmon’s definition goes back to the first edition of his book “Building The 
Data Warehouse” from 1993, Wolfgang Lehner [2], a researcher in data warehousing, has recently published a profound 
and comprehensive book on data warehouse systems in German. He references Bill Inmon, but his book also contains a 
more elaborate definition of data warehouse systems, In addition to a relational database, a data warehouse environment 
includes an Extraction, Transformation, and Loading (ETL) solution, an Online Analytical Processing (OLAP) engine, 
client analysis tools, and other applications that manage the process of gathering data and delivering it to business users. 
This analytical view on data finally enables the enterprise to have a more global sight on its business environment than 
operational systems can provide. Therefore, data warehouses are often used as systems for decision making [3]. Besides 
positive aspects of centralized processing of business information such as decision making support, difficulties occur in 
maintaining and analyzing data warehouses. The amount of data that has to be processed in a data warehouse increases 
every day and turns into challenging tasks for administration and analysis. Next to the problem of high quantity, data from 
operational systems are often incomplete, vague or uncertain. This quality issue cannot be completely eliminated in the 
pre-processing stage of the data. Consequently, a certain amount of vagueness directly impacts the analysis and decision 
making that is based on the information of a data warehouse [4]. Data warehousing and on-line analytical processing 
(OLAP) are essential elements of decision support. "In [24-29] OLAP is computer processing that enables a user to easily 
and selectively extract and view data from different points of view. Data warehouse and OLAP tools provide an efficient 
framework for data mining. Besides, data from real world are often imperfect, either because they are uncertain, or because 
they are imprecise. To solve this problem, We have presented a structure that manages imprecision by means of 
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neutrosophic techniques [7, 8]. The use of neutrosophic set theory in systems enhances the understand ability of the 
discovered knowledge; this is the reason why we have proposed an approach to perform OLAP-based on neutrosophic 
concept. The ability to analyze large amounts of data for the extraction of valuable information presents a competitive 
advantage for any organization. . The managers need information about their business and insight into the existing data so 
as to make decision more efficiently without interrupting the daily work of an On-Line Transaction Processing (OLTP) 
system. The technologies of data warehousing, OLAP, and data classification support that ability. The data warehouse is a 
central data pool which integrates heterogeneous data sources and provides strategic information for analysis and decision 
support. The special needs of the OLAP technology was the main cause of the use of a multidimensional view of the data. 
On-Line Analytical Processing (OLAP) presents an approach to data analysis where data is consolidated and aggregated 
with respect to multiple dimensions of interest. The idea is to consolidate large amounts of data by summarizing and 
aggregating data elements for every cell of a data cube. Classification of data elements reduces an arbitrarily high number 
of data elements into an arbitrarily small set of classes, which highly reduces the granularity of data. In OLAP, classification 
is used for the consolidation of dimensional attributes." In Many complicated problems like, engineering problems, social, 
economic, computer science, medical science...etc, the data associated are not necessarily crisp, precise, and deterministic 
because of their vague nature. Most of these problems were solved by different theories. One of these theories was the 
fuzzy set theory discovered by Zadeh in [17-20] to handle vagueness , uncertainty and imprecision ,In fuzzy logics the 
two-point set of classical truth values {0, 1} is replaced by the real unit interval [0, 1] each real value in [0, 1] is intended 
to represent a different degree of truth, ranging from 0, corresponding to false in classical logic, to 1, corresponding to 
true. . A fuzzy set A in M can be represented as an ordered set of tuples {(m, f£4(m))}. But for some applications it is not 
enough to satisfy to consider only the membership-function supported by the evident but also have to consider the non- 
membership-function against by the evident Atanassov [6] introduced another type of fuzzy sets that is called Intuitionistic 
Fuzzy Set (IFS) which is more practical in real life situations. The main novelty of neutrosophic logic, as we shall see, is 
that we do not even assume that the incompleteness or “indeterminacy degree” is always given by | — (t+ f). Smarandache 
and A.A.Salama [7, 8] introduced another concept of imprecise data called neutrosophic crisp sets. Neutrsophic set is a 
powerful general formal framework that has been recently proposed. Let N be a set defined as follows: N = {(T, I, F): T, 
I, F © [0, 1]}. Where (T) the Truth degree, (F) the falsehood degree and (I) the indeterminacy degree, I = [0, 1] may 
represent not only indeterminacy but also vagueness, uncertainty, imprecision, error etc. Note also that T, I, F, called the 
neutrosophic components [9].Several researchers dealing with the concept of neutrosophic set such as M. Bhowmik and 
M.Pal in [10] and A.A.Salama in [11-15]. For more information on the application of neutrosophic theory, the readers can 
referes to [ 30-33] . In this paper we aim to construct a neutrosophic data warehouse. The key benefit of integrating 
neutrosophic logic in data warehouse it allows analysis of data in both classical and neutrosophic manners. The use of the 
proposed approach is demonstrated through a case study of a published housing for books. Finally we have presented an 
OLAP system that implements a neutrosophic multidimensional model to represent imprecision using neutrosophic concept 
in hierarchies and facts and achieving knowledge discovery from imperfect data. 


2. Crisp Data Warehouse Concept 


A data warehouse [1] is a database, which is kept separate from the organization's operational database. There is no 
frequent updating done in a data warehouse, it possesses consolidated historical data, which helps the organization to 
analyze, organize, understand, and use their data to take strategic decisions. This analytical view on data finally enables 
the enterprise to have a more global sight on its business environment than operational systems can provide. Therefore, 
data warehouses are often used as systems for decision making. The term "Data Warehouse" was first coined by Bill Inmon. 
he describe the data warehouse as “subject-oriented, integrated, non volatile, and time-variant collection of data in support 
of management’s decision support. The components of his definition in the following way: 


2.1. Subject-Oriented: Subject-Oriented means that the main objective of data warehouse is to facilitate decision process 
of a data company, and within any company data naturally concentrates around subject areas, so information gathering in 
warehouse is aiming for a specific subject rather than for the functions of a company. 


2.2. Integrated: Being integrated means that the data is collected within the data warehouse, that can come from different 
tables, databases or even servers, but can be combined into one unit that is relevant and logical for convenience of making 
strategic decision. 


2.3. Non-volatile: Non-volatile means the previous data is not erased when new data is added to it. A data warehouse is 


kept separate from the operational database and therefore frequent changes in operational database is not reflected in the 
data warehouse. 
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2.4. Time-variant: The content of the data warehouse grows over time, where on regular basis snapshot of current data is 
entered into the data pool. The key structure of the data warehouse always contains time. 


3. Linguistic variables 


Linguistic variables are collect elements into similar groups where we can deal with less precisely and hence we can handle 
more complex systems. it's is an important concept in fuzzy logic and plays a key role in its applications, especially in the 
fuzzy expert system Linguistic variable is a variable whose values are words in a natural language , For example, “speed” 
is a linguistic variable, which can take the values as “slow”, “fast”, “very fast” and so on. Zadeh developed on top of the 
fuzzy set theory a means for mathematically representing natural language [16]. Therefore, he defined a linguistic variable 
values [17, 18, 19] . The values of the linguistic variable called linguistic terms, are projected on a universe of discourse. 
Fuzzy sets are used to define the degree of membership with which a value might belong to a linguistic term. Zadeh defines 
a linguistic variable as follows: 


3.1. Definition (Linguistic variable [20]). A linguistic variable is a quintuple (X; T(X); G;M; F) defined as follows: 


X is the name of the linguistic variable, T(X) is the set linguistic terms of X , G represents a syntactic rule that generates 
the set of linguistic terms, M is the universe of discourse and F is a semantic rule that defines for each linguistic term its 
meaning in the sense of a fuzzy subset on U. 


4. Concept of Neutrosophic Fuzzy Sets 


The main idea of Neutrosophic Sets is to characterize each logical statement in a 3D Neutrosophic Space, where each 
dimension of the space represents respectively the truth (T), the falsehood (F), and the indeterminacy (I) of the statement. 
Neutrosophic Logic (NL) is a generalization of Zadeh’s fuzzy logic (FL), and especially of Atanassov’s intuitionistic fuzzy 
logic (IFL), and of other logics For example, suppose there are 10 voters during a voting process In time tl, fivevote \yes", 


three vote \no" and two are undecided, using neutrosophic notation, it can be expressed as X4(0.5, 0.2, 0.3) In time t2, four 
vote \yes", two vote \no", and three are undecided, it then can be expressed as (0.4 0.3, 0.2). the notion of neutrosophic set 
is more general and overcomes the aforementioned issues. In neutrosophic set, indeterminacy is quantified explicitly and 
truth-membership, indeterminacy- membership and falsity-membership are independent. This assumption is very important 
in many applications such as information fusion in which we try to combine the data from different sensors. The 
neutrosophic set takes the value from real standard or non-standard subsets of ]—0,1+[. So instead of ]—0,1+[ we need to 
take the interval [0,1] for technical applications, because |—0,1+[ will be difficult to apply in the real applications such as 
in scientific and engineering problems. For software engineering proposals the classical unit interval [0, 1] is used. For 
single valued neutrosophic logic, the sum of the components is: 

case (1) O< ttit+f <3 when all three components are independent; 

case (2) 0 <ttitf <2 when two components are dependent, while the third one is independent from them. 

case (3) 0 <ttitf< 1 when all three components are dependent. 


5. Case Study 


The case study discusses a The Publishing house for books , It currently offers a collection of books for purchase, Each 
customer is asked to rate the book when he read it, When the publishing house makes statistical survey To measure the 
performance of their business such that Publishing house for books analyzes the revenue of the books based on the age of 
the customers or stores or measure the performance based on rating of customers it is found that the proportion of persons 
did not give a specific answer (undecided). Their answer is not belong to a certain class or not belonging to this category, 
This percentage has not been taken into account for it found that there is ambiguity in the data became unclear ,for example 
the book "Scientific Miracles in the Holy Quran " some of people classify this book to scientific category and some of 
people classify it to religious category and others not decided(not sure) if this book belong to scientific category or religious 
category. so they didn't give a specific answer. Now we have three answers membership, Non Membership and 
Indeterminacy. Neutrosophic Sets to solve this ambiguity in the data and taking the opinion of indeterminacy into account 
and gave them the degree. for example: the Neutrosophic set " scientific books " might contain the following tuples:" 
scientific books " = {" Scientific Miracles in the Holy Quran " , < 0.7,0.1,0.2 >}< 0.7,0.1,0.2,> which 0.7 is represented 
the membership degree of this book to scientific books genre, 0.2 is represented the non membership degree of this book 
to scientific books genre and 0.1 is represented the indeterminacy degree of this book to scientific books genre. so we must 
integration neutrosophic fuzzy concept to data warehouse. 
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6. Neutrosophic Fuzzy Data Warehouse 


In order to create a neutrosophic data warehouse, a method is presented that can guide the transformation of a classical data 
warehouse into a neutrosophic data warehouse. The input to the method is a classical data warehouse and the output is a 
neutrosophic data warehouse. This approach is allows integrating neutrosophic concepts without the need for redesigning 
the core of a data warehouse. By using this neutrosophic data warehousing approach, it is possible to extract and analyze 
the data simultaneously in a classical manner and in a neutrosophic manner. 

For example, books might be classified into different genres. In the classical data warehouse, a book always belongs or 
not belong fully to one or more genres the numbers of the interval [0, 1] where 1 implies full belonging and 0 implies no 
belonging at all. In reality, books can often be categorized into several genres while belonging or not belonging more to 
one genre than to another with different degrees. A book “can be a scientific book, a religious book, a political book, a 
social book or a literary book and so on. In this classification it belonging at the same time to one or more genre but with 
different degrees and it not belonging with different degrees, and also has indeterminacy degree. In order to truly represent 
this ambiguity in classification the neutrosophic set theory can be applied therefore, the Publishing house classifies the 
books with a neutrosophic concept. 


The following figure show convert classical data warehouse into neutrosophic data warehouse: 
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Figure 1: convert classical data warehouse into Neutrosophic Fuzzy Data warehouse 


6.1. Basic Definitions of Neutrosophic Fuzzy Data Warehouse 

In this section we introduce and study the following definitions of Neutrosophic Data Warehouse. 
6.1.1 Definition (Neutrosophic fuzzy data warehouse (NDW)). 
A neutrosophic fuzzy data warehouse model is a set of combination of four types of tables .these are (Dimension tables 
(D), Fact tables (F), Neutrosophic Classification Tables (NCT) and Neutrosophic Degree Tables (NDT)) and it is 
represented by NDW. NDW = {D, F, NCT, NDT} 
6.1.2 Definition (Neutrosophic Fuzzy Table (NT) ). 
Neutrosophic Table is the table which contain a neutrosophic target element and the table may be dimension table or Fact 
table. 
6.1.3 Definition (Neutrosophic Fuzzy Target Element (NTE)). 
Neutrosophic Target Element (NTE) is the elemet may be in in a Fact table or a dimension table which required to be 
classified in neutrosophic. 
6.1.4 Definition (Class Neutrosophic Fuzzy Target Element (CNTE) ). 
A class neutrosophic Target element (CNTE) for a neutrosophic Target element (NTE), it's all possible values (linguistic 
terms) for a neutrosophic Target element. 
6.1.5 Definition (Neutrosophic Fuzzy Degree (ND) ). 
All values for neutrosophic Target element belong to a certain neutrosophic degree to a class neutrosophic which 
neutrosophic Target element belong . The degree of belonging to a value to class neutrosophic is called neutrophic degree. 
6.1.7 Definition (Neutrosophic Classification Table (NCT)). 


A table that holds linguistic terms (neutrosophic classes and it consists of two attribute (a primary key of the table anda 
class neutrosophic target element which can be classified neutrosophic), NCT = {PK, CNTE} 


6.1.8 Definition (Neutrosophic Fuzzy Degree Table (NDT) ). 
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A table that stores the degree of each linguistic term is called neutrosophic degree table,it has contain four attributes: (the 
primary key of the table, the foreign key of neutrosophic table which contain neutrosophic target, the foreign key of 
neutrosophic classification table and neutrosophic degree of each linguistic terms for linguistic variable (neutrosophic 
target)). NDT= {PK, FK_NT, FK_NCT, FK_ NDT} 


6.2. Neutrosophic Date Warehouse Model 


In addition to the classical analysis in a data warehouse, The Publishing house for books needs some features that are 
available using neutrosophic concepts. For integrating neutrosophic concepts into a data warehouse, one must first analyze 
which elements in the data warehouse should be classified neutrosophic. The element may be an element in the fact table 
or an element in a dimension table. An element that has to be classified neutrosophic is called the neutrosophic target 
element (NTE). The steps are the follow: 

1) First step: identify what should be classified to identify the neutrosophic target element. 

2) Second step: identify the set of linguistics terms that are used for classifying the neutrosophic target element. Repeat 
this step for all neutrosophic target elements. 

3) Third step: define a neutrosophic function for each linguistic term. Repeat this step for each linguistic term. 

4) Forth step : create Neutrosophic classification table which holds classes of neutrosophic target element (linguistic terms) 
and it contain two attribute one is the primary key of the table and second is the class neutrosophic target element. 

5) Fifth step : create Neutrosophic degree table which holds neutrosophic degrees fo each linguistic term and it contain 
four attribute which the first attribute is the primary key of the table, the second attribute is the foreign key of the 
neutrosophic table, the third attribute is the foreign key of Neutrosophic classification table and the fourth attribute is the 
neutrosophic degree (ND) attribute for the neutrosophic target element ,The values of neutrosophic degree attribute are 
calculated by neutrosophic functions ( represented by <T ,], F > where T is the membership degree of element to a set A , 
F is the non membership degree of element to a set A and | is the degree of indeterminacy element to a set A. 

6) sixth step : Relate neutrosophic table with neutrosophic classification table and neutrosophic degree table with each 
other. 

The following figure represented Neutrosophic Date Warehouse Model: 


Neutrosophic Date Warehouse Model 


Step One: Identify Neutrosophic Target Eelment (NTE 


4 


Step Two: Identify Linguistic Terms 


zu 


Step Three: Define Neutrosophic Function (NF) 


¥ 


Step Four : Create NCT 


V 


Step Five : Create NDT 


2 
Step Six : Relate NT,NCT,NDT 





Figure 2: Neutrosophic fuzzy data warehouse Model 
6.2.1 Dimension Book 


The books are classified into different genres. In the classical data warehouse, a book always belongs to interval [0,1] 
where | is implies to belonging degree of the book fully to one or more genres and 0 is implies to not belonging degree of 
the book to one or more genres. In reality, books can often be categorized into several genres while (belonging, 
indeterminacy, not belonging) more to one genre than to another at the same time. For Example, the book "Scientific 
Miracles in the Holy Quran" can be classified scientific and Religious, but more strongly scientific (membership) ,and can 
be classified not belonging to one or more genres by different degrees (non membership) and also the book have the 
indeterminacy degree. With the classification in the classical data warehouse approach, the published house cannot classify 
the books into different genres. Therefore, the published house classifies the books with a neutrosophic concept 
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- First the book genre is defined as neutrosophic target element. 

- The second step is to identify the linguistic terms. In this case, the linguistic terms are the different genres to which the 
books belong. These genres can be extracted from the dimension category in the book dimension. 

- In the third task is to identify the neutrosophic functions for each genre has to be defined 

After identifying neutrosophic target element, linguistic terms and their neutrosophic functions, 

- forth step is to create neutrosophic classification table holds the genres as class neutrosophic element. 

- Fifth step is to create neutrosophic degree table contains neutrosophic degrees for each neutrosophic target element 
corresponding to class neutrosophic elements. 


-finally, sixth step is to relate the neutrosophic classification table, the neutrosophic degree table and the neutrosophic table 
to each other. 


The following Figure show neutrosophic concept in book dimension: 


Neutrosophic Degree Book Table * 


@ [PK_Neutrosophic Degree_BookGenre] Neutrosophic Class _BookTable * 
[FK_Neutrosophic Class_Book] @ [PK_Neutrosophic Class_Book] 
FK_Book [Neutrosophic Class] 
[Neutrosophic Degree] 


Neutrosophic Concept 





dim.author 





or 
dim.book * @ Pk_Author 


® Pk Book ] Name 








Name 
Fk_Author 








Fk_Category 








dim.category 
Su) ® Pk Category 
Category 











Dimension Book 








Figure 3: Neutrosophic Concept Book Genre 
The following figure shows result sets of apply neutrosophic concept in book dimension 











= BookID = Name Neutrosophic Class © Membership Degree 
’ # Scientific Miracles in the Holy Quran scientific w $06, 0.1, 03> 

1 Scientific Miracles in the Holy Quran religious 

2 Political Islam and the coming battle political 

l2 Political Islam and the coming battle religious 

3 perhaps you laugh social 

3 perhaps you laugh Comic 

5 Soft hands romantic 

5 Soft hands Comic 

\6 Astronomical calculations and scientific applications in the service of Islamic law scientific 

6 Astronomical calculations and scientific applications in the service of Islamic law Fiction 





Figure 4: Result Set of Apply Neutrosophic Concept Book Genre 


6.2.2 Dimension Customers A data warehouse contains the dimension customer, each customer has the attributes name, 


address and birthday. From the attribute birthday, the age of the customer can be calculated using the function today 
birthday 
dim.customer 


@ PK_Customer 
Name 
Birthday 
Address 





Figure 5: Dimension Customer 
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The published housing is interested in analyzing the revenue based on customers ages therefore, the publishing house 
classifies the customers ages with a neutrosophic concept in the following steps: 


- The first step "The neutrosophic fuzzy target element is the customer age. 


- The second step is to identify the linguistic terms for customer age. In this case, the linguistic terms for linguistic variable 
(customer age) are (old, middle, young) where old: customers more than 60 


Middle: customers between 20 and 60, Young: customers less than 20 
- The third step is to identify the neutrosophic functions for each linguistic term. 


the publishing house defines the neutrosophic function that transform the age of customer into neutrosophic degrees by 
calculating neutrosophic function which represented by N =< "4,0 4,V4 > 


Where 14 is the membership degree (belonging degree), o , is the indeterminacy degree and v, is the non-membership 
degree (not belonging). The membership function depends on the customer age is the following 

For example, ifthe customer age is 26 years old, it is transformed to term Young N joyng (26) = <0.4,0.3 ,0.3> and term 
Middle N yyidie (26) = <0.6,0.2 ,0.2> and term Old N(26) = <0, 0.1, 0.9 > 


e membership degree of age 26 years old to Linguistic term young as fellowHyoung(26) = 0.4 and linguistic 
term Middlepniadieg((26) = 0.6 and linguistic term Old fy7q(26) = 0.0 
e Non membership degree of age 26 years old to linguistic term young as fellow Dyoung(26) = 0.3 and linguistic 
term Middle Ymidgaie(26) = 0.2 and linguistic term Old y)4(26) = 0.9 
e indeterminacy degree of age 26 years old to linguistic term young as fellow Oyoung(26) = 0.3 
and linguistic term Middle Oyigaie (26) = 0.2 and linguistic term Old 64,4(26) = 0.1 
After identifying neutrosophic target element, linguistic terms and their neutrosophic functions, 
one neutrosophic classification table (NCT) which holds category of customers ages (set of linguistic terms (old , middle , 
young ) as class neutrosophic target element. 
-Fifth step is to create neutrosophic degree table (NDT) contains neutrosophic degrees for each linguistic term 
corresponding to class neutrosophic target elements. 
- Sixth step and final task, is to relate the neutrosophic classification table, the neutrosophic degree table and the 
neutrosophic table to each other. 
The following figure gives dimension customer in neutrosophic concept 


Book Book ame Category Rating 
| Seentfic racesinthe Holy Quran scenic SO 


! be 


il lam andthe coming bt poltical TO 
perhaps you ugh Comic 500 
{Genius Omar régous 800 


j Softhands romantic — 20 




















) 6 Atmos ancien aca intesevicel ail] scenic 30 


Figure 6: Neutrosophic Concept Customer age 


The following figure show the input data in customer dimension in classical data warehouse 
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1 Samy Ghareeb Bondok| 59 | <0.9,0.1,0> |<0.1,0.2,0.7>) <0,0.3,0.7> 
2 Walaa Samy Bondok 20) /<0.0,0.1,0.9>} <0,0.2,0.8> <1,0,0> 

3 Marwa Fawzy Abbas 36 <0,0.5,0.5> <1,0,0> <0,0.3,0.7> 
4 Mohamed Samy Bondok} 25 | <0,0.1,0.9> | <0.5,0.2,0.3> | <0.5, 0.3, 0.2> 
5 Rana Alaa Hamoda 66 <1,0,0> | <0,0.2,08> | <0,0.1,0.9> 
6 Ayoub Ahmed 6 <0,0.1,0.9> | <0,0.2,0.9> <1,0,0> 

7 Omnia Hassan Osman 42 <0,0.5,0.5> <1,0,0> <0,0.3,0.7> 
8 Ali Mohsen Ali 33, | <0,0.5,05> | <1,0,0> <0,0.3,0.7> 
9 Brouj Ahmed 9 <0,0.1,0.9> | <0,0.2,0.8> <1,0,0> 














Figure 7: Input Date in Classical Data Warehouse in Dimension Customer 
The following figure show how to construct neutrosophic analysis of dimension customer 


Neutrosophic Degree_Customer Table * 
% [PK_Neutrosophic Degree AgeCustomer] = 
Neutrosophic Class_CustomerTable * 
IFK_Neutrosophic Class_AgeCustomer] 
® [PK_Neutrosophic Class AgeCustomer] 


oe [Neutrosophic Class] 
jeutrosophic Class 
[Neutrosophic Degree] = 


Neutrosophic Concept 





dim.customer * 
@ PK_Customer 
Name 
Birthday 
Address 











Dimension Customer 


Figure 8: Result Set of Apply Neutrosophic Concept Customer Age 


6.2.3 Fact 





Fact 

@ PK Fact 
FK_Year 
FK_Book 
FK_Store 
FK_Customer 
FK_Employee 
FK_Type 
Rating 


Revenue 











Figure 9: Fact Table 


Customers are asked to rate every book when they read it. The rating of the book in the fact table As the rating is always 
between 0 and 10. The published housing for books uses this customer rating to evaluate the books into good, bad books. 
For this neutrosophic concept, the steps are the following: 


The first step "The neutrosophic target element is the rating attribute in the fact table. 
The second step is to identify the linguistic terms. In this case, the linguistic terms for customer rating are (good , bad) 
rate. 


In the third task is to identify the neutrosophic functions for each linguistic term. 


The publishing house defines the neutrosophic function as follows: 

For example, if a customer rate a certain book 6 from 10 transformed to term good W good =< 9.6, 0.1, 0.3 > and term 
bad N pag = <0.4,0.2,0.4> and 

Membership degree of rate (6) to Linguistic term good as fellow Mgooq(26) = 0.6 and linguistic term bad Mpeg(26) = 0.4 
Non membership degree of rate (6) to linguistic term good as fellow I gooq(6) = 0.1 and linguistic term bad Ppqa(6) = 0.2 
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Indeterminacy degree of rate (6) to linguistic term good as fellow Ogooa(6) = 0.3 and linguistic term bad Gpaq(6) = 0.4 
After identifying neutrosophic target element, linguistic terms and their neutrosophic functions, 

one neutrosophic classification table which holds the linguistic terms as class neutrosophic target element (good , bad ) is 
created then The neutrosophic degree table contains neutrosophic degrees for each neutrosophic target element 
corresponding to class neutrosophic elements. For final step, the neutrosophic classification table, the neutrosophic degree 
table and the neutrosophic table have to be related to each other 

. The following figure show how to apply neutrosophic concept in fact table: 


{ Scientific Miracles in the Holy Quran 


2 

3 perhaps you laugh 
) Soft hands 
6 


Astronomical calculations and scientific applications inthe service oflslamic law} 3 


<1,0,0 
<08 01,01 
<04,0.1,05> 
<0,0.1,09> 
<0,0.1,09 


<0,0.4,09> 

<02,02,06> 

<06,02,0.2> 
<1,0,0> 
<1,0,0> 


Poltical Islam and the coming bat 




















Figure 10: Neutrosophic Concept Fact Rating 


The following figure show input data in fact table in classical data warehouse 


Neutrosophic Degree Fact Rating * 
@ [PK_Neutrosophic Degree FactRating] 
[FK_Neutrosophic Class_FactRating] 
FK Fact 


Neutrosophic Class_FactRatingTable * 
@ [PK_Neutrosophic Class_FactRating] 
[Neutrosophic Class] 


[Neutrosophic Degree] 
Neutrosophic Concept 


Fact * 
@ PK_Fact 

FK_Day 
FK_Book 
FK_Store 
FK_Customer 
FK_Employee 
FK Type 
Rating 


Revenue 














Fact Table 





Figure 11: Input Data In Classical Data Warehouse in Fact Table 


The following figure shows result set of apply neutrosophic concept in Fact table: 
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9 | <4,0,0> | <0,04,09 
Poltical Islam and the coming batl 7 /<08,0.4,0.4>)<02,02, 05> 
perfans you laugh 5 /<04,0.4,05>}<06,02,02> 
2 
3 


Scientific Miracles in the Holy Quran 


Soft hands <0,04,09> | <1,0,0 
Astronomical calculations and stentificapplcaons in he service of Islamic aw <0,01,09>) <1,0,0> 


Figure 12: Result Set of Apply Neutrosophic Concept in fact rating 




















7. Olap Operations in Crisp Data Warehouse: 
Codd, E. F. defined [8] the specialized OLAP operations drill-down, roll-up, slice and dice. According Codd and the OLAP 
Council [27] the OLAP operations called classical data warehouse operations, can be described shortly as follows: 
e The Roll-up operation consolidates the values of a dimension hierarchy to a value on the next higher level. 
e The Drill-down operation is used to navigate from top to bottom in a dimension. It is the opposite operation of the 
Roll-up operation. 
e The Slice operation extracts a subset of values based on one or more dimensions using one dimension attribute to 
define the subset. 
e Dice operation extracts a subset of values based on more than one dimension using more than one dimension 
attribute to define the subset. 
Vassiliadis [12] proposed a notation of basic cube, cube and multidimensional database as follows : 
7.1 Definition (Basic Cube): 
A basic cube [27] is as a 3-tuple (D, L, Ru); where D = (D).......... ,Dn, M ) is a list of dimensions D and a measure M ina 
fact, L =(DL).......... ,DLn, ML ) is a list of dimension levels DL, aggregated measures ML and Ry is a set of cells x = 
4X isvereedeeee , Xn, m}, where xn € dom(DLi) and m € dom(ML) represents the instance values of the basic cube. 
Example 1, The example considers a data warehouse with a fact table containing the fact revenue and three dimensions 
region, Product and time. The hierarchies for the dimensions are as follows: 
e —_ region: store — city — region 
e ~—— Product: book 
e time: day > month — year 
a basic cube may take the following form: ( < region ,Book, time, revenue >,< city, book, day, aggregated revenue >, R ) 
where D is the dimensions region, Book, time, revenue > , L is the dimension levels < city, book, day, aggregated revenue 
>and R: set of cells represented by Figure 2. 








Book Region Time Revenue 
book A 620 
book A 420 
book A 300 
book A 450 
book B 310 





Figure 13: Rp of Basic Cube 


7.2 Definition (Cube ): 

A cube [28] is a 4-tuple < D, L, Cy, R > where D =< Dj,..,D,, M > is a list of dimensions D and a measure M ina fact, L 
=< DL),..,DLn , ML > is a list of dimension levels DL and aggregated measure ML, Cy is a basic cube and R is a set of 
cells x = {Xj,..., Xn, m}, where x, € dom(DL) and m € dom(ML) represents the instance values of the cube. A cube can 
therefore be denoted as (< region, product, time, revenue >, < city, book, month, aggregated revenue >, (< region, 
product, time, revenue >,< city, book, day, aggregated revenue > , Ry ), R ) where Rp is represented in Figure 12 and R in 
Figure 13. 
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book Region Time Revenue 


| bookA | cairo || January | 1040 
750 
| bookB | cairo | January | 310 


Figure 14: R of Cube 





The aim of defining a cube and a basic cube is the traceability of operations. Suppose that a data warehouse operation will 
calculate the average yearly revenue of books based on the cube with monthly revenues. It is necessary to go back to daily 
revenue, the lowest granularity, in order to give a meaningful result on yearly level. If the basic cube of the cube monthly 
revenue is not known, it is not possible to go to a lower level. No prediction can be made how the daily revenues have been 
aggregated to monthly 

revenues. Therefore, one can say that every cube representing a data collection in the data warehouse owns a basic cube 
which contain the lowest granularity of a dimension [23]. 


7.3 Definition (Multidimensional database): 
A multidimensional database is a couple < D, C > where D is a set of dimensions and C is the basic cube representing the 
lowest granularity [12] . 
Every OLAP operation defined below will have the following characteristics 
e To identify the level / of the dimension d we will use d./ such as time. year 
e The dimension and dimension level are merged using a dot notation into one variable in order to simplify the 
operation. Therefore, a dimension can be specified as D = time or with including a dimension level as D = time. 
month. 
e The dot notation can be extended in order to integrate other category attributes. A full path to a dimensional 
attribute month in dimension level month of dimension time can be specified as D = time. month. month. 
The definition of a cube is adapted as follows: 
7.4 Definition (cube (C))): 
A basic cube [13] is a 3-tuple<D,M,R>where D=(D)......... ,Dn) is a list of dimensions, dimensions levels separated 
bya dot, M is an aggregated measure (in a fact) and R isa set of data tuples xX = {x ,.... ee , Xk, m}, where xx € dom(D) 


and m E dom(M) representing the instance values of the cube.the following figure represent a cube for three dimension 
year , books , city and measure revenue: 


Time 
2016 








2015 
Books 2014 





Scientific Books 


Religious Books 


Political Books 


Social Books 


Literary Books 


Cairo Alex Portsaid > City 


Figure 15: Cube 


Once we have the structure of the multidimensional model, we need the operations to analyze the data in the Data Cube. 
Over this structure we have defined the normal operations of the multidimensional model such as Roll-up, Drill-down, 
Slice and Dice. 


7.5 Roll up Operation in Classical Data Warehouse: 
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The roll-up operation is used to navigate a dimension upwards. Agrawal, Gupta and Sarawagi [29] defined a roll-up 
operation as a special case of their merge operation that it is executed on one dimension. For the dimension region a roll- 
up operation is executed when the dimension level store is aggregated to the next higher level city, and dimension level 
day is aggregated to the next higher level month. An example would be a cube C that is a subset representing the daily 
revenues, the revenues aggregated to the lowest hierarchy level of dimension time. Cube C can then be merged into a cube 
C’ that is a data set representing the monthly revenues. 


7.5.1 Definition (Roll-up): 

Roll up (C,D’, fp, fm) = C’; where C is a basic cube, C’ is anew cube after applying roll up operation, D’ is the dimension 
of higher level , fp is the dimension merge function and fm is the measure aggregation function. The domain (domp) of D 
domp(C) is a set containing the dimension instancesd, domp(C’) is calculated by applying the function fp on the dimension 
d of domp(C). domp(C’) = {fp(d) = d’ |d € domp(C)}, d € D, Ed’E€ D’. The measure mc(d) of each instance d is calculated 
by applying the function fn to each mc(d) in regards to the aggregation function fp. 

d ={janl, jan2,......... jan31} € D, D= {di, do, ds, ...... }, d’= {jan} € D’, D’ = {jan, feb, mar, ...... } = {d'1, d's, d’3......... } 
mc(d) = fin({t | t = mc(d) * fp(d) = d’}). dom a(C’ ) = domtime:month(C’) might be the set {January, February}, The instances 


of domtime:monn(C’) are composed of instances of domg(C) = domiime:day(C) = {January 1,......, January 31, February 1......, 
February 28},The function fp defines {January 1........ , January 31} —January and {February 1.,....., February 
28}— February. 


C’= roll up(< time.day, revenue, S >, time.month, fu, Sum Revenue) rollup the daily revenue to monthly revenue where C 
=< time.day, revenue, S >, D’ = time.month, fa = function on dimension time to transform lower level day to higher level 
month ex {January 1,....... , January 31} —January and f= sum of revenue per month for example The revenue of January 
1 might be mc (Januaryl) = 6000 and January 31 mc (January31) = 5000, The function fm is defined as summation the 
revenue of January is calculated as mc: (January) = 6000 + 5000 = 11000. 


7.6 Drill-down Operation in Crisp Data Warehouse: 

With a Drill-down operation, values in a dimension level will be decomposed in values of the lower dimension level. This 
operation is used to reveal more detailed levels of data in a dimension. Drill-down is the opposite operation of roll-up. To 
be able to perform a drill-down, how the category attribute instances are compound from the lower hierarchy level instances 
must be known in advance. Considering the revenue of the year 2010 cannot drilled-down to monthly revenue, if the 
revenue of every month in 2010 is not known in advance. Otherwise, one can decompose the revenue of 2010 in infinite 
ways. A roll-up operation defining the aggregation functions and the value instances of the higher hierarchy level has to be 
executed before a drill-down operation [27]. 

Hence, the drill-down operation can be considered as a binary operation and formally be defined as: 


7.6.1 Definition (Drill-down). 

Drill down(C'’,D”, fb ,f!m ) =C”; where C” is anew cube after applying the operation drill down , D” is the dimension of 
lower , C’=roll up(C,D’, fp, fm) and fp, f'm are the inverse function of fp respectively fin. The following figure shows 
the roll-up and drill-down operation in a cube: 


— , Drill down 
Scientific Books ‘1500 | 1200 950° 
* Rollup 


Religious Books 950 1000 | 750 ‘ Chemistry Experiments 


Political Books 850 | 1200 Blood Work 


Social Books 700 550 Computer Science 


Literary Books 650 | 600 Cairo = Alex _—_—Portsaid 


eee ad City 
Cairo Alex Portsai 


Figure 16: Roll-up and Drill-down Operation in a Cube 
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7.7 Slice Operation in Crisp Data Warehouse: 

Slice is the act of picking a rectangular subset of a cube by choosing a single value for one of its dimensions. The slice 
operation cuts out a slice from a data cube in the multidimensional space of a data warehouse. For example, the cube C 
=(< time.year, product.book, region.city >, revenue, R) can be sliced using the value 2014 for the dimensional attribute 
year. This will extract the revenue by all books category achieved in 2014 in each city .A slice operation can formally be 
defined as: 


7.7.1 Definition (Slice): 


slice(C, dm) = C’; where C is a cube ,C’ is anew cube after applying the slice operation and dm Edom(D,) is the element 
instance that slices the cube. For extracting the revenue of all books category in all cities in 2014, the slice operation would 
be defined as follows: slice ( C = < time.year, product.book, region.city >, revenue, S >, dm = time.year.year =" 2014"). 
The following figure 6 shows the slice operation in a cube: 


ve 2016 


2014 
f Scientific Books} | 1500 | 1200 | 950 


Scientific Books 1200 | 950 
Religious Books} | 950 | 1000 | 750 


Religious Books 1000 | 750 ; 
Political Books 1100 | 850 1200 


Political Books 850 | 1200 
Social Books 800 | 750 550 
Social Books 800 700 | 550 


Literary Books 900 } 650 | 600 


Cairo Alex Portsaic 


Literary Books 900 | 650 | 600 


ae Cit 
Cairo Alex Portsai ‘ 





Figure 17: Slice Operation 


7.8 Dice Operation in Crisp Data Warehouse: 

The dice operation produces a sub cube by allowing the analyst to pick specific values of multiple dimensions. The Dice 
operation cuts out a dice from a data cube in the multidimensional space of a data warehouse. Slicers in a dice are combined 
using the logical operations AND, OR or NOT. The dice operation can formally be defined as follows: 


7.8.1 Definition (Dice). 
Dice (C,{din,........ 5 ich, {fing ceestese: » fci}) =C’ ; where C is the cube, C’ is acube after applying the dice operation, 


Vn€ {m......... , k}:d, € dom(Dn) are the element instances that slice the cube and VX E m........ , k-1 : f € {AND, OR , 
NOT} are the logical operator that combine the slicers in a way that dm fin fin+1 5..-.--5 dk-1 fi-1 dk. AS an example of a dice 
operation, the cube C =( < time.year , product.book , region.city >, revenue, R ) can be diced in order to show the revenue 
of category of books( scientific ,religious and political ) in city cairo and, dice = ( < time.year, product.book, region.city 
>, revenue,S >, < product.book = "Scientific" or " religious" or "political", regon.city = "Cairo"or"Alex">, 
{AND,AND}).The following figure 18 shows the dice operation: 
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1200 | 950 


Religious Books 1000 | 750 


Religious Books | 959 


Political Books 850 | 1200 
Political Books 1100 
Social Books 700 | 550 
Cairo 


Literary Books 650 | 600 
Products Alex Porta City 
Cairo Alex Portsai 


Figure 18: Dice Operation 

8. Aggregation of Neutrosophic Fuzzy Concepts: 

Aggregating of data in a data warehouse affects the neutrosophic concepts that classify data. Data is grouped together in a 
more dense view or split to reveal a more detailed view. The grouping is defined by the aggregation function that is often 
a summation, a maximization, a minimization, a count or an average function. This aggregation function is fundamental to 
the standard data warehouse operations. In order to be able to classify aggregated data, the neutrosophic concepts have to 
be aggregated too. In the next sections, two methods for aggregation of neutrosophic concepts are discussed. The first 
method is redefines the neutrosophic concept with the aggregated data instances as the new neutrosophic target element. 
for each dimension level, one neutrosophic degree table is created for the aggregate neutrosophic concepts. The class 
neutrosophic target elements are reused from the base neutrosophic neutrosophic concept containing the class neutrosophic 
target elements and a neutrosophic function is specified Therefore, this method is described not aggregating values. the 
second method is aggregates the neutrosophic degree instances of the neutrosophic concept to a more dense view. Each 
method is illustrated using an example. 





7.5.1 First Method "Redefine of Neutrosophic Fuzzy Concepts for Aggregation Data": 

A possible solution for aggregation of the neutrosophic concept onto another dimension hierarchy level. Redefining of a 
neutrosophic concept does not take the neutrosophic degree values into consideration. The linguistic terms and the 
neutrosophic functions are applied to a new hierarchy level. The neutrosophic degrees are recalculated based on the new 
neutrosophic target element. Neutrosophic degrees from the neutrosophic concept on the lower hierarchy level are not 
taken into consideration. for example , To redefine the neutrosophic concept store surface from dimension hierarchy level 
store, the neutrosophic concept is created on the level city. The neutrosophic classification table (NCT) is taken from the 
original neutrosophic concept. Whereas, the neutrosophic degree table (NDT) has to be newly created for the new 
neutrosophic concept. This is due to that new neutrosophic functions are calculating the neutrosophic degree based on the 
new neutrosophic target elements. These newly calculated neutrosophic degree are stored in the new NDT. 

for example 2. To the dimension store a fact table is added. The fact table contains a measure revenue and the primary key 
of fact table and the foreign key relation to the store table (FK_ store). A neutrosophic concept is added having revenue as 
the neutrosophic target element. Store A and B earned multiple revenues of 2500 for store A and 4500 for store B. For 
every revenue a new instance is stored in the fact table. The total revenue of a city is the sum of all revenues earned by 
stores. Each revenue has a neutrosophic degree for each linguistic term in the neutrosophic concept revenue 
(Nhigh, N middle, Nlow). For the city hierarchy level the revenues are aggregated to the city Cairo and we want to 
classify revenues of level city. For do that the neutrosophic concept including the neutrososphic degree table must be 
defined on city level. The neutrosophic target element for this neutrosophic concept is the city revenue and neutrosophic 
class for store revenue is reused for city revenue 
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Nhigh =< 0.6 , 0.1, 0.3> 
Nmiddle =< 0.3 , 0.2, 0.5> 
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Niow=< 0.7 , 0.1, 0.2> Niow=< 0.2 , 0.1, 0.7> 


Figure 19: Dimension Store and Fact Revenue with Neutrosophic Concepts 


the idea of reuse the neutrosophic classification table of the base concept to reduce the amount of extra tables and to limit 
the resources in the neutrosophic data 


7.5.2 Second method: Aggregation of Neutrosophic Concepts 

The second method is to aggregate the neutrosophic degree of each neutrosophic target element instance into a next higher 
hierarchy level. Each value of the next higher hierarchy level is composed of a set of value from the neutrosophic target 
element .a neutrosophic degree for each instance of the next higher hierarchy level can be considered as aggregation of the 
neutrosophic degree of the lower level. In order to illustrate the aggregation of neutrosophic concepts, consider the 
following Example 2. A data warehouse contains a dimension store with two category: store and city. All stores are 
aggregated to the corresponding city. For all stores their area is measured and added to the dimension as dimensional 
attributes on level store. Considering Lehner [16], dimensional attributes can be aggregated on higher hierarchy levels, 
similarly as it would happen for measures. Therefore, the store area can be aggregated to the level city. a neutrosophic 
concept with store area as neutrosophic target element is defined. The neutrosophic concept classifies the area as big, 
medium and small. In example 1, the average store area of a city can be calculated by aggregating the area of all stores in 
a city with an average function. In order to apply the neutrosophic concept store area on the level city, the neutrosophic 
degree have to be aggregated. By the foreign key relation of stores to cities, it is known which store areas are aggregated 
to a distinct city area. the neutrosophic degree on level store can be identified that aggregate to a neutrosophic degree on 
level city. An additional aggregation function can then be defined that aggregates the neutrosophic degree of the stores to 
the neutrosophic degree of the city. In the case of store area, the arithmetic average of the neutrosophic degree of each class 
neutrosophic can be used to generate the corresponding neutrosophic degree for the cities. The dimensional attribute area 
is aggregated using an average function and therefore an aggregation of the neutrosophic concept using the arithmetic 
average . In this case, no additional tables have to be created. For example: A city Cairo contain 2 store A and B, A 


neutrosophic concept apply in store area ,the area of store A is 90 meter square with neutrosophic degree Npig = 


(0, 0.4, 0.6) , Nnedium = (0, 0.6, 0.4), Noman = (1,0,0) and the area of store B is 270 meter square with 
neutrosophic degree Npig= < 0.7, 0.1 , 0.2 >, Nmedium =< 0.7, 0.2 , 0.1 >, Nema =< 0, 0.6 , 0.4 >, here need to 
do roll up operation from level store to a higher level city ,this is done by two steps: 

1) the city (cairo) area is aggregated using an average function = (90+270) /2 = 180 meter square 


2) the neutrosophic degree for city area is aggregation of the neutrosophic concept using the arithmetic average such as: 
pbig+90 + wbig*2 7 0 obigx90 + obig+2 7 0 Dbig*90 + Ybig+2 7 Je 


N,;,= <-_M_. | oO 
big a0 ; 360 : 360 
0*90 + 0.7*2 7 00.4*90 + 0.1*2 7 00.6*90 + 0.2*2 7 0 
SS > Sp Se = 505925. 5 0175. 03> 
360 360 360 
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ne 2 umedium+*90 + pumedium*2 7 0 omedium*90 + omedium*2 7 0 Ymedium+90 + YVmedium*2 7 Rs 
medium ~~ 360 : 360 : 360 


0*90 + 0.7*2 7 00.6*90 + 0.2*2 7 00.4*90 + 0.1*2 7 0 
eae 0929.5. 0.3 07> 
360 360 360 
usmall*90 + usmall*2 7 0 osmall+90 + osmall*2 7 0 Ysmall*90 + Ysmall*2 7 0 
Nemail = < ; 360 360 - 


360 
1*90 + 0*2 7 00*90 + 0.6*2 7 00*90 + 0.4%2 7 0 
TT OOD o_o = <0.25 , 0.45 , 0.3> 
360 360 360 


The following figure 8 shows that the second method for aggregation neutrosophic concept in dimension store : 


Ys 





Noig(180) = <0.525, 0.175, 0.3> 
Nmeaum(180) = <0.525, 0.3, 0.175> 
Nemau{180) = <0.25, 0.45, 0.3> 
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Noi(270) = 


Nmecwm(270) = <0.7, 0.2, 0.1> 


<0.7, 0.1, 0.2> 


Nesman(270) = <0, 0.6, 0.4> 


Big 
Medum 


Small 
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Figure20: Aggregation of a Neutrosophic Concept 


8. Olap Operations in Neutrosophic Data Warehouse : 

the classical data warehouse operation can be extended to support neutrosophic concept. neutrosophic concepts can be 
treated as dimensional attributes. Lehner [2] defines multidimensional objects that are capable of aggregating dimensional 
attributes and takes them into consideration as segments for slice and dice operations. it is possible to aggregate 
neutrosophic concepts and to use them as slicers for slice and dice operations. a fact can be aggregated over a dimension 
hierarchy, the neutrosophic concept with the fact as neutrosophic target can be aggregated . The neutrosophic concepts on 
facts can be considered as segmentation in slice and dice operation just as neutrosophic concepts on dimensional attributes. 
When segmenting a cube with a neutrosophic concept, the class neutrosophic degree are the delimiter of a segment. In 
order to discuss the classical operations, these characteristics of neutrosophic concepts have to be taken into consideration. 
The definition of crisp cube is adapted to integrate neutrosophic concepts. 


8.1 Definition ( Neutrosophic Fuzzy Cube (NC)): 

A cube in neutrosophic data warehouse is composed of 4-tuple (D,N,M,S ); where D = (Di, Dy,........ ,Dn) is a list of 
dimensions, dimensions levels including the dimension attribute separated by a dot , N = (Ni, No.... Nx) is a list of 
neutrosophic concepts with neutrosophic target that are either in (facts or dimension) or class neutrosophic target element 
of neutrosophic concept separated by a dot, M is a measure in a fact and S is a set of data tuples x = {Xi,......Xn, 





Migeceaevised nx ,m}, where x, € dom(D), Wn € dom(N) and m € dom(M) representing the instance values of the cube. For 
example: A neutrosophic concept is added to the fact revenue as neutrosophic target element. The neutrosophic concept 
revenue contains three classes “low”, “middle” and “high” revenue and the book decomposed into several genre such as 
(scientific, political, religious,.... so on ) and the dimension city with neutrosophic target area contain three neutrosophic 
class ( Big , Medium , Small). 

A Neutrosophic Cube is a binary operation which can be involved two steps as fellow: 

1) select Crisp Dimensions. 

2) apply the neutrosophic concept on the neutrosophic target element. 

A neutrosophic cube can be: (< time.month, Region.city, Product.book>,< time.month.revenue, Region.city.area, 
Product.book.genre >, revenue ,S). The neutrosophic concept revenue is propagated on dimension time on level month and 
on dimension Region on level city and on dimension Product on level book. The result set of the neutrosophic cube are 
tuples containing the aggregated revenue as follow: 
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Book Name NC.Book — /Neutrosophic Degree Book} City | NC.City Area | Neutrosophic Degree City Area| Month | Revenue | NC.Revenue |Nleutrosophic Degree Revenue 





Scientific Miracles in the Holy Quran | Scientific Books| <0.8,0.1,0.1> | Cairo | Small £002, 08> February | 6200 | Low 60,03, 07> 
Scientific Miracles in the Holy Quran | Political Books | <0.3,0.2,05> | Cairo) Bi 609 ,04,0> February | 6200 | High $07,0.4,02> 





Scientific Miracles in the Holy Quran | Political Books | <0.3,0.2,05> | Cairo} Medium €04,0.2, 07> February | 6200 | High 07, 0.4,02> 





Scientific Miracles in the Holy Quran | Political Books | <0.3,0.2,05> | Cairo | Medium 604,02, 07> February | 6200 | Middle 603,02, 05> 





Scientific Miracles in the Holy Quran | Political Books | <0.3,0.2,05> | Cairo | Medium $0.1,02, 07> February | 6200 | Low 60,03, 07> 
Scientific Miracles in the Holy Quran | Political Books | <0.3,0.2,05> | Cairo) Small €0,0.2,08> February | 6200 | High 07,0.4,02> 
Scientific Miracles in the Holy Quran | Political Books | <0.3,0.2,05> | Cairo} Small 60,02, 08> February | 6200 | Middle 603,02, 05> 
Scientific Miracles in the Holy Quran | Political Books | <0.3,0.2,05> | Cairo} Small $002, 08> February | 6200 | Low 60,03, 07> 












































Figure 21: S of Neutrosophic Cube 


If N contains a class neutrosophic target element, By applying the third step (class neutrosophic target element ) in the 
binary neutrosophic cube. A Neutrosophic Cube is a trinary which can be involved three steps as fellow : 

1) Select Crisp Dimensions. 

2) Apply the neutrosophic concept on the neutrosophic target element. 

3) Apply the class neutrosophic target element. 

For example : (<_ time.month, Region.city , Product.book>,< time.month.revenue, Region.city.area.big, 
Product.book.genre.scientific >, revenue ,S ) 

The following figure 10 shows the neutrosophic cube with class neutrosophic target (big city area) : 


Book Name NC-Book — /Neutrosophic Degree Book} City | NC.City Area | Neutrosophic Degree City Area} Month | Revenue | NC Revenue |Neutrosophic Degree Revenue 
Scientific Miracles in the Holy Quran | Scientific Books} <0.8,0.1, 0.1» 609,04,0+ High 607,04, 02> 
Scientific Miracles in the Holy Quran | Scientific Books} <0.8,0.1, 0.1» 09,04,0> Middle | <0.3,02,05> 
Scientific Miracles in the Holy Quran | Scientific Books} <0.8,0.1, 0.1» 609,04,0> Low 60,03, 00> 





























Figure 22: Neutrosophic Cube with Class Neutrosophic Target. 


8.2 Roll-up in Neutrosophic Data Warehouse: 
A roll-up operation can be applied to a neutrosophic cube, the roll up operation on a neutrosophic data warehouse involving 
neutrosophic concepts can be defined as: 


8.2.1 Definition (Roll-up involving Neutrosophic Concept (RNC): 

RNC = roll-up (NC, DH, NH, fp, fm, fx); where NC is a Neutrosophic cube , DH is the dimension of higher level, NH 
is the neutrosophic concept of higher level, fp is the dimension merge function, fm is the measure aggregation function , fn 
is the method how to aggreagate neutrosophic concept on the next level and RNC is the result cube on the higher level after 
applying roll up operation. This roll-up operation is a binary operation that first aggregates the crisp fact revenue. In the 
second step, it applies the new neutrosophic concept to the data collection with the following steps: 

1) roll-up of the crisp cube. 

2) apply the neutrosophic concept on the new dimensional level. 
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For example: roll up (NC, < time.month >, < time.month.revenue >, revenue, S >, time.year , time.year.revenue, fiime year, 
Revenue, fy) = (< time.year > ,<time.year.revenue>, revenue , NS >. where DH is the dimension of higher level year = 
time.year , NH is the neutrosophic concept of higher level year = time.year.revenue, fy is the dimension merge function 
such as { Janzo1s,Feb2015,......... Decz015}— 2015, fm is the aggregation revenue per year and RNS is the result set of apply 
the roll up operation on neutrosophic cube. the following figure 11, 12 shows the roll-up operation in neutrosophic cube : 



















Scientific Miracles in the Holy Quran 
Scientific Miracles in the Holy Quran 
Scientific Miracles in the Holy Quran 


Scientific Books 
Scientific Books 
Political Books 


< 0.8 ,0.1,0.1> 
<0.8,0.1,0.1> 
<0.3,0.2,0.5> 


Cairo 
Cairo 


<0,0.2,0.8> 
Bi <0.9,0.1,0> 





Book Name NC.Book Neutrosophic Degree Book| City | NC.City Area | Neutrosophic Degree City Area year Revenue | NC.Revenue | Neutrosophic Degree Revenue 

Scientific Miracles in the Holy Quran | Scientific Books <0.8,0.1,0.1> Cairo Big <0.9,0.1,0> 2015 60500 High <08,0.1,0.1> 
Scientific Miracles in the Holy Quran | Scientific Books <0.8,0.1,0.1> Cairo Big <0.9,0.1,0> 2015 60500 Middle <0.2,0.2,0.6> 
Scientific Miracles in the Holy Quran | Scientific Books <0.8,0.1,0.1> Cairo Big <0.9,0.1,0> 2015 60500 Low <0,03,07> 
Scientific Miracles in the Holy Quran | Scientific Books <0.8,0.1,01> Cairo | Medium <0.1,0.2,0.7> 2015 60500 High <08,0.1,0.1> 
Scientific Miracles in the Holy Quran | Scientific Books <0.8,0.1,0.1> Cairo | Medium <0.1,0.2,0.7> 2015 60500 Middle <0.2,0.2,0.6> 
Scientific Miracles in the Holy Quran | Scientific Books <0.8,0.1,0.1> Cairo | Medium <0.1,0.2,0.7> 2015 60500 Low <0,03,07> 
Scientific Miracles in the Holy Quran | Scientific Books <0.8,0.1,0.1> Cairo Small <0,0.2,08> 2015 60500 High <08,0.1,0.1> 


<0.2,0.2,0.6> 
<0,0.3,07> 
< 0.3, 0.1, 0.6> 


























Scientific Miracles in the Holy Quran 


Scientific Books 
Scientific Books 


<0.8,0.1, 01> 
<0.8,0.1,0.1> 


Alex 


Ig 
Big <0.7,0.2,0.1> 
<0.5,0.1,04> 


2015 


Low 


Scientific Miracles in the Holy Quran | Political Books <0.3,0.2,0.5> Cairo Big <0.9,0.1,0> 2016 40000 Middle <0.4,0.3,0.3> 
Scientific Miracles in the Holy Quran | Political Books <0.3,0.2,0.5> Cairo Big <0.9,0.1,0> 2016 40000 Low <0,0.2,08> 
Scientific Miracles in the Holy Quran | Political Books <0.3,0.2,0.5> Cairo | Medium <0.1,0.2,0.7> 2016 40000 High < 0.3, 0.1, 0.6> 
Scientific Miracles in the Holy Quran | Political Books <0.3,0.2,0.5> Cairo | Medium <0.1,0.2,0.7> 2016 40000 | Middle <0.4,0.3,0.3> 
Scientific Miracles in the Holy Quran | Political Books <0.3,0.2,0.5> Cairo | Medium <0.1,0.2,07> 2016 40000 Low <0,0.2,08> 
Scientific Miracles in the Holy Quran | Political Books <0.3,0.2,0.5> Cairo Small <0,0.2,0.8> 2016 40000 High < 0.3, 0.1, 0.6> 
Scientific Miracles in the Holy Quran | Political Books <0.3,0.2,0.5> Cairo Small <0,0.2,08> 2016 40000 Middle <0.4,0.3,0.3> 
Scientific Miracles in the Holy Quran | Political Books <0.3,0.2,0.5> Cairo Small <0,0.2,08> 2016 40000 Low <0,02,08> 
Scientific Miracles in the Holy Quran | Scientific Books <0.8,0.1,01> Alex Big <0.7,0.2,01> 2015 50800 High <0.7,0.1,0.2> 


Scientific Miracles in the Holy Quran | Scientific Books <0.8,0.1,0.1> Alex Bi <0.7,0.2,0.1> 2015 50800 Middle <0.6,0.2,0.2> 


Scientific Miracles in the Holy Quran 


<0.1,0.2,0.7> 
<0.7,04,0.2> 
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Figure 23: Roll-up Operation in Neutrosophic Cube 
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Portsaid 


19000 





Scientific Miracles in the Holy Quran | Scientific Books <0.8,0.1,01> Alex | Medium <0.5,0.1,0.4> 2015 50800 | Middle <0.6,0.2,0.2> 
Scientific Miracles in the Holy Quran | Scientific Books < 0.8 ,0.1,0.1> Alex | Medium <0.5,0.1,0.4> 2015 50800 Low <0.1,0.2,0.7> 
Scientific Miracles in the Holy Quran | Scientific Books < 0.8 ,0.1,0.1> Alex Small <0.3,0.2,0.5> 2015 50800 High <0.7,0.1,0.2> 

Scientific Miracles in the Holy Quran | Scientific Books| < 0.8, 0.1, 0.1> Alex Small <0.3,0.2,0.5> 2015 50800 | Middle < 0.6 ,0.2,0.2> 
Scientific Miracles in the Holy Quran _| Scientific Books < 0.8, 0.1,0.1> Alex Small <0.3,0.2,0.5> 2015 50800 Low < 0.1, 0.2, 0.7 > 
Scientific Miracles in the Holy Quran | Political Books <0.3,0.2,0.5> Alex Big <0.7,0.2,01> 2016 28000 High <0.1,0.2,0.7> 
Scientific Miracles in the Holy Quran | Political Books <0.3,0.2,0.5> Alex Big <0.7,0.2,0.1> 2016 28000 Middle <0.4,0.3,0.3> 
Scientific Miracles in the Holy Quran | Political Books <0.3,0.2,0.5> Alex Big <0.7,0.2,01> 2016 28000 Low <0.8,0.1,0.1> 
Scientific Miracles in the Holy Quran | Political Books <0.3,0.2,0.5> Alex | Medium <0.5,0.1,04> 2016 28000 High <0.1,0.2,0.7> 
Scientific Miracles in the Holy Quran | Political Books <0.3,0.2,0.5> Alex Medium <0.5,0.1,04> 2016 28000 Middle <0.4,0.3,0.3> 
Scientific Miracles in the Holy Quran | Political Books <0.3,0.2,0.5> Alex Medium <0.5,0.1,04> 2016 28000 Low <0.8,0.1,0.1> 





<0.1,0.2,0.7> 
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Nlow< 0.7 , 0.1, 0.2> 
8000 
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Nmiddle <0.2 , 0.2 , 0.6> 


Niow< 0.8 , 0.1, 0.1> 


Figure 24: Roll-up Operation from month to year 
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If N contains a class neutrosophic target element, the third step is apply class neutrosophic target element to above steps 
in binary operation ,the roll up operation is a trinary operation in neutrosophic concept: 

1) roll-up of the crisp cube 

2) apply the neutrosophic concept on the new dimensional level. 

3) select the class neutrosophic target element. 

roll up (< time.month >, < time.month.revenue >, revenue, S >, time.year, time.year.revenue.middle, ftime.year, Revenue) = 
(< time.year > ,<time. year.revenue>, revenue , NS > 

The following figure 13 , 14 shows the roll-up operation in neutrosophic cube with neutrosophic target element (middle 
revenue): 


Book Name NC.Book  /Neutrosophic Degree Book} City | NC.City Area | Neutrosophic Degree City Area| year | Revenue | Revenue |Neutrosophic Degree Revenue 


Scientific Miracles in the Holy Quran | Scientific Books| <08,04,01> | Cairo} — Big 09, 01,0> 2015 | 60500 | Middle 602,02, 06+ 
Scientific Miracles in the Holy Quran | Scientific Books} <0.8,0.1,0.1> | Cairo) Medium 604,02, 07> 2015) 60500 | Middle 606,04,03> 
Scientific Miracles in the Holy Quran | Scientific Books} <0.3,0.2,05> | Cairo} Small 0,02, 08> 2015} 60500 | Middle 603,02, 05> 
Scientific Miracles in the Holy Quran | Scientific Books) <0.8,0.1,0.1> | Cairo} — Big <09,04,0> 216 | 40000 | Middle | <04,03,0.3> 
Scientific Miracles in the Holy Quran | Scientific Books} <0.8,0.1,0.1> | Cairo} Medium |  <0.1,02, 07> 206 | 40000 | Middle | <04,03,03> 


Scientific Miracles in the Holy Quran | Scientific Books} <03,0.2,05> | Cairo) Small 0,02, 08> 216 =| 40000 | Middle 04,03, 03> 
Figure 25: Roll-up Operation with Class Neutrosophic Target Element 
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Figure 26: Roll-up Operation with Class Neutrosophic Target Element 
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Nmiddle <0.2 , 0.2 , 0.6> 









The original cube contains the aggregated revenue of month in all cities ordered by the neutrosophic concept revenue. The 
cube resulting from the roll-up operation contains the aggregated revenue of year in all cities ordered by the neutrosophic 
concept revenue 


8.3. Drill-down in Neutrosophic Data Warehouse: 

A drill-down operation is the opposite operation of a roll-up. It is not a valid operation if the roll-up operation is not defined 
in an earlier step. Therefore, a drill-down operation in the neutrosophic data warehouse can be defined as given in § 6.3.1. 
6.3.1 Definition (Drill-down Involving Neutrosophic Concepts (DRNC)): 

DRNC = drill down (RNC, DL, NL, fp, f!m, f'n); where RNC is ROLL UP (NC, DH, NH, fu, fin, fy), DL is the dimension 
of level lower ,NL is the neutrosophic concept of lower level, f'p is the inverse dimension merge function of fp, fm is the 
inverse measure aggregation function of fm and f-!y is the inverse of fy, DRNC = result cube on the lower level after 
applying the drill down operation .The following figure 15 shows that the function and inverse function on dimension: 
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Figure 27.: Function merge on Dimension 


The following example shows a drill-down operation with a neutrosophic cube: 

DRNC = drill down ((< time.year, region.city > ,<time.year.revenue, region.city.area >, revenue , S >), < time.month, 
region.store > , < time.month.revenue, region.store.area > , fa, f!m ); where DL = < time.month, region.store >, NL = 
time.month.revenue, region.store.area > , f!4 is the inverse function from year to month and from city to store and , f!,, is 
the aggregate revenue per month and RNC = rollup (< time.month, rgion.store >, < time.month.revenue, 
region.store.area > , revenue, S >, < time.year.revenue, Region.city.area >, fp, Revenue)= (< time.year, region.city 
> ,<time.year.revenue, region.city.area > , revenue , NS >. The following figurel6 shows the drill down operation in 
neutrosophic cube: 
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Figure 28: Drill-down Operation in Neutrosophic Cube 
The cube resulting from the drill down operation contains the aggregated revenue per month in all stores ordered by the 
neutrosophic concept revenue. 


9.4 Slice in Neutrosophic Data Warehouse: 

The classical slice operation extracts a subset of values of a neutrosophic cube depend on select one dimension. A definition 
of a slice operation in the neutrosophic data warehouse is as follows: 

9.4.1 Definition (Slice in Neutrosophic Concepts(SNC)): 

SNC= slice (NC, s) where NC is neutrosophic cube and s is the element instance that slices cube NC 

A slice operation of a neutrosophic cube will always result in a neutrosophic cube. A slice operation 

on a crisp cube will also always result in a crisp cube. In order to illustrate, the following operation slices a neutrosophic 
cube according its class neutrosophic target element: 

slice(<< time.year > , < time. year.revenue >, revenue, R>, time.year.year = "2015" ) =<< time.year, > , < time.year. year 
>, revenue , S >.The following figure 17 show the slice operation in neutrosophic cube: 
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Scientific Miracles in the Holy Quran | Scientific Books| < 0.8, 0.1, 0.1 > <0.9,0.1,0> | 2015 | 60500 | High <08 0.4, 0.4> 
Scientific Miracles in the Holy Quran| Scientific Books| _< 0.8 , 0.1, 0.1 > <0.9,0.1,0> | 2015 | 60500 | Middle $0.2, 0.2, 0.6 > 


Book Name NC.Book NC.Books City _|NC.City Areajosophic Degree City) year | Revenue |NC.Revenue|Neutrosophic Degree Revenue 





Scientific Miracles in the Holy Quran | Scientific Books 60500 | Low <0,0.3,0.7> 
Scientific Miracles in the Holy Quran | Scientific Books| <0.8,0.1,0.1> | Cairo | Medium |<0.1,0.2,0.7>| 2015 | 60500 High <08,0.1,0.1> 
Scientific Miracles in the Holy Quran | Scientific Books 60500 | Middle <0.2,0.2,0.6> 
Scientific Miracles in the Holy Quran | Scientific Books 60500 | Low <0,0.3,0.7> 
Scientific Miracles in the Holy Quran | Scientific Books 60500 High <08,0.4,0.1> 
Scientific Miracles in the Holy Quran | Scientific Books 60500 | Middle <0.2,0.2,0.6> 
Scientific Miracles in the Holy Quran | Scientific Books 60500 | Low <0,0.3,0.7> 
Scientific Miracles in the Holy Quran | Scientific Books 50800 High < 07, 0.4, 0.2> 
Scientific Miracles in the Holy Quran | Scientific Books 50800 | Middle <0.6,0.2,0.2> 
Scientific Miracles in the Holy Quran | Scientific Books 50800 | Low 0.1, 0.2,0.7> 
Scientific Miracles in the Holy Quran | Scientific Books 50800 High <0.7,0.4,0.2> 
Scientific Miracles in the Holy Quran | Scientific Books 50800 | Middle <0.6,0.2,0.2> 
Scientific Miracles in the Holy Quran | Scientific Books 50800 | Low <0.1,0.2,0.7> 
Scientific Miracles in the Holy Quran | Scientific Books 50800 High <0.7,0.1,0.2> 
Scientific Miracles in the Holy Quran | Scientific Books 50800 | Middle <0.6,0.2,0.2> 
Scientific Miracles in the Holy Quran | Scientific Books 50800 | Low <0.1,0.2,0.7> 
Figure 29: Slice Operation in Neutrosophic Cube 
In the resulting cube contain all revenue in city for year 2015 and the year 2016 and others not found 
9.5 Dice Operation in Neutrosophic Data Warehouse: 
A dice operation in a neutrosophic can restrict neutrosophic concepts and dimensions. Furthermore, 
The slice operation can be extended to a dice definition by including logical operators to combine multiple slicers. 




















9.5.1 Definition (Dice involving neutrosophic fuzzy concepts (DNC)): 

DNC = Dice (NC, {Smy......-++ Sich finssteeseeasice , fx-1}); where NC is a neutrosophic cubes, Sm,......... > Sk E dom (D), 
fines tecacees sfk-1 € {AND, OR,NOT} are the logical operators that combine the slicers in a way that combines Sm with sm+t. 
The dice operation works similarly and performs a selection on two or more dimensions. For example: 

A dice operation on a neutrosophic cube with two neutrosophic concepts is illustrated as follows: 

dice (<< time.year , region.city > , < time.year.revenue, region.city.area >, revenue , S >, {time.year.year = "2015", 
region.city.area = "big"},{AND}) .The following figure 18 shows that the dice operation in neutrosophic cube. 


Scientific Miracles in the Holy Quran| Scientific Books] <0.8,0.1,0.1> | Cairo | Big | <0.9,0.1,0> | 2015 | 60500 | High <08,0.1,0.1> 
Scientific Miracles in the Holy Quran | Scientific Books| <0.8,0.1,0.1> | Cairo | Big | <09,0.1,0> | 2015 | 60: Middle <0.2, 0.2, 0.6> 
Scientific Miracles in the Holy Quran | Scientific Books | <08,01,01> | Cairo | Big | <09,01,0> | 2015 | 60! <0,0.3,0.7> 

Scientific Miracles in the Holy Quran] Scientific Books| <0.8,0.1,0.1> | Alex | Big [<07,0.2,0.1>] 2015 | 50800 | High <07,0.1,0.2> 
Scientific Miracles in the Holy Quran| Scientific Books] <0.8,0.1,0.1> | Alex | Big [<0.7,0.2,0.1>| 2015 | 50800 | Middle <0.6 0.2, 0.2> 
Scientific Miracles in the Holy Quran] Scientific Books| <0.8,0.1,0.1> | Alex | Big [<07,0.2,0.1>] 2015 | €0.1,0.2,0.7> 


Figure 30: Dice Operation in Neutrosophic Cube 
The resulting cube shows only the revenue of the year2015” that belong to city class "big" 


2|2|2|2|2 
2|e/s/2 














Conclusion 

Using a neutrosophic approach in data warehouse concepts improves information quality for the business process. this 
approach include neutrosophic concept into structure of dimensions or into fact tables of the data warehouse model, then 
we construct truth degree, falsity degree and indeterminacy degree which close to natural language. Added , We have 
presented a structure that manages imprecision by means of neutrosophic logic. Most of the methods previously 
documented give a neutrosophic set as a result. we have presented an OLAP system that implements a neutrosophic 
multidimensional model to achieve knowledge discovery from imperfect data and to enhance the system performance. 
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Abstract 


This paper introduces the novel concept of Neutro-BC'K-algebra. In Neutro-BCK-algebra, the outcome of 
any given two elements under an underlying operation (neutro-sophication procedure) has three cases, such as: 
appurtenance, non-appurtenance, or indeterminate. While for an axiom: equal, non-equal, or indeterminate. 
This study investigates the Neutro-BCK-algebra and shows that Neutro-BCK-algebra are different from BCK- 
algebra. The notation of Neutro-BCK-algebra generates a new concept of NeutroPoset and Neutro-Hass- 
diagram for NeutroPosets. Finally, we consider an instance of applications of the Neutro-BCK-algebra. 
Keywords: Neutro-BC'K-algebra, NeutroPoset, Neutro-Hass diagram. 


1 Introduction 


Neutrosophy, as a newly-born science, is a branch of philosophy that studies the origin, nature and scope 
of neutralities, as well as their interactions with different ideational spectra. It can be defined as the inci- 
dence of the application of a law, an operation, an axiom, an idea, a conceptual accredited construction on 
an unclear, indeterminate phenomenon, contradictory to the purpose of making it intelligible. Neutrosophic 
Sets and Systems international journal (which is in Scopus and Web of Science) is a tool for publications of 
advanced studies in neutrosophy, neutrosophic set, neutrosophic logic, neutrosophic probability, neutrosophic 
statistics, neutrosophic measure, neutrosophic integral, and so on, studies that started in 1995 and their applica- 
tions in any field, such as the neutrosophic structures developed in algebra, geometry, topology, etc. Recently, 
Florentin Smarandache [2019] generalized the classical Algebraic Structures to NeutroAlgebraic Structures 
NeutroAlgebras) and AntiAlgebraic Structures (AntiAlgebras) and he proved that the NeutroAlgebra is a gen- 
eralization of Partial Algebra He considered < A > as an item (concept, attribute, idea, proposition, theory, 
etc.). Through the process of neutrosphication, he split the nonempty space and worked onto three regions 
two opposite ones corresponding to < A > and < antiA >, and one corresponding to neutral (indeterminate) 
< neutA > (also denoted < neutroA >) between the opposites, regions that may or may not be disjoint - 
depending on the application, but they are exhaustive (their union equals the whole space). A NeutroAlgebra 
is an algebra which has at least one NeutroOperation operation that is well-defined (also called inner-defined) 
for some elements, indeterminate for others, and outer-defined for the others or one NeutroAxiom (axiom that 
is true for some elements, indeterminate for other elements, and false for the other elements). A Partial Alge- 
bra is an algebra that has at least one partial operation (well-defined for some elements, and indeterminate for 
other elements), and all its axioms are classical (i.e., the axioms are true for all elements). Through a theorem 
he proved that NeutroAlgebra is a generalization of Partial Algebra, and examples of NeutroAlgebras that are 
not partial algebras were given. Also, the NeutroFunction and NeutroOperation were introduced 

Regarding these points, we now introduce the concept of Neutro-BC'K-algebras based on axioms of 
BC k-algebras, but having a different outcome. In the system of BC K-algebras, the operation is totally 
well-defined for any two given elements, but in Neutro- BC K-algebras its outcome may be well-defined, outer- 
defined, or indeterminate. Any BC K-algebra is a system which considers that all its axioms are true; but we 
weaken the conditions that the axioms are not necessarily totally true, but also partially false, and partially 
indeterminate. So, one of our main motivation is a weak coverage of the classical axioms of BC'K-algebras. 
This causes new partially ordered relations on a non-empty set, such as NeutroPosets and Neutro-Hass Dia- 
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grams. Indeed Neutro-Hass Diagrams of NeutroPosets contain relations between elements in the set that are 
true, false, or indeterminate. 


2 Preliminaries 


In this section, we recall some definitions and results from which are needed throughout the paper. 

Let n € N. Then an n-ary operation o : X”" — Y is called a NeutroOperation if it has x € X” for which 
o(2) is well-defined (degree of truth (T)), « € X” for which o(2) is indeterminate (degree of indeterminacy 
(I), and « € X” for which o() is outer-defined (degree of falsehood (F)), where T, J, F € [0,1], with 
(T,I,F) # (1,0,0) that represents the n-ary (total, or classical) Operation, and (TJ, F') # (0,0,1) that 
represents the n-ary AntiOperation. Again, in this definition “neutro” stands for neutrosophic, which means the 
existence of outer-ness, or undefined-ness, or unknown-ness, or indeterminacy in general. In this regards, for 
any given set X, we classify n-ary operation on X” by (7); (classical) Operation is an operation well-defined 
for all set’s elements, (i7); NeutroOperation is an operation partially well-defined, partially indeterminate, 
and partially outer-defined on the given set and (7i7); AntiOperation is an operation outer-defined for all set’s 
elements. 

Moreover, we have (7); a (classical) Axiom defined on a non-empty set is an axiom that is totally true 
(i.e. true for all set’s elements), (27); NeutroAxiom (or neutrosophic axiom) defined on a non-empty set 
is an axiom that is true for some elements (degree of true = T), indeterminate for other elements (degree of 
indeterminacy = I), and false for the other elements (degree of falsehood = F), where T, J, F are in [0, 1] and 
(T, I, F’) is different from (1, 0,0) i.e., different from totally true axiom, or classical Axiom and (T’, I, F’) is 
different from (0, 0,1) i-e., different from totally false axiom, or AntiAxiom. (iz); an AntiAxiom of type C 
defined on a non-empty set is an axiom that is false for all set’s elements. 

Based on the above definitions, there is a classification of algebras as follows. Let X be a non-empty set 
and O be a family of binary operations on X. Then (A, Q) is called 


(i) a (classical) Algebra of type C, if O is the set of all total Operations (i.e. well-defined for all set’s 
elements) and (A, Q) is satisfied by (classical) Axioms of type C(true for all set’s elements). 


(ii) a NeutroAlgebra (or neutro-algebraic structure) of type C, if O has at least one NeutroOperation (or 
NeutroFunction), or (A, ©) is satisfied by at least one NeutroAxiom of type C that is referred to the set’s 
(partial-, neutro-, or total-) operations or axioms; 


(iii) an AntiAlgebra (or anti-algebraic structure) of type C, if O has at least one AntiOperation or (A, O) 
is satisfied by at least one AntiAxiom of type C. 


3 Neutro-BCK-algebra 
3.1 Concept of Neutro-BCK-algebra 


In this section, we introduce several concepts suc has: Neutro-BC' K-algebra, Neutro-BC K-algebra of type 
5, NeutroPoset and Neutro-Hass Diagram and investigate the properties of these concepts. 


Definition 3.1. 2Let X be a non-empty set with a binary operation “ *« ” and a constant “0”. Then, (X, x, 0) 
is called a BC K-algebra if it satisfies the following conditions: 


(BCI-1) ((a* y) * (a * z)) * (2 *y) =0, 


) 

(BCI-2) (ax (a*y)) xy =0, 

(BCI-3) «* x =0, 

(BCI-4) «*y = Oand y x x = Oimply x = y, 
(BCK-5) 0* 2 =0. 

Now, we define Neutro-BC'K-algebras as follows. 


Definition 3.2. Let X be a non-empty set, 0 € X be a constant and “ * ” be a binary operation on X. An 
algebra (X, *, 0) of type (2,0) is said to be a Neutro-BC K-algebra, if it satisfies at least one of the following 
NeutroAxioms (while the others are classical BCK-axioms): 
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z)) * (zy) # 0 or indeterminate ); 





m. 


ndeterminate ) : 











NBCI-4) (Ax,y € X, such that if cxy = yxa = 0, we have x = y) and (J 
we have x 4 y is 








NBCI-1) (A2,y,z € X such that ((a * y) * (7 * z)) * (z* y) = 0)) and (4 x,y, z € X such that ((x * y) * (a * 





NBCI-2) (A.x,y € X such that (x * (x * y)) * y = 0) and (4 z,y € X such that (ax * (x * y)) *y # Oor 


NBCI-3) (Ax € X such that x * z = 0) and (4 z € X such that x « « 4 0 or indeterminate ); 


x,y € X, such thatif cxy = yxx = 0, 


(NBCK-5) (Ax € X such that 0 * « = 0) and (A x € X such that 0 * x ¥ 0 or indeterminate ). Each above 
NeutroAxiom has a degree of equality (7), degree of non-equality (F’), and degree of indeterminacy (J), 


where (T, I, F’) ¢ (1, 0,0), (0,0, 1). 


If (X, x, 0) is a NeutroAlgebra and satisfies the conditions (N BCI-1) to (N BCI-4) and (NBCK-5), then 
we will call it is a Neutro-BC K-algebra of type 5 (i.e. it satisfies 5 NeutroAxioms). 


Example 3.3. Let X = Z. Then 


(i) (X, *, 0) is a Neutro-BC K-algebra, where for all x,y € X, we havex* y= a2—yt+ cy. 
(it) (X, *, 1) is a Neutro-BC K-algebra, where for all x, y € X, we have x * y = xy. 


(iti) (X,*, 1) is a Neutro-BC'K-algebra, where for all x, y € X, we have x * y = 


1 if x aneven 


ay if anodd ~ 


Let X 4 () be a finite set. We denote Vgc. (X) and Ny gcK(X) by the set of all Neutro-BC K-algebras 
and Neutro-BC' K-algebras of type 5 that are constructed on X, respectively. 


Theorem 3.4. Let (X, *,0) be a Neutro BC K-algebra. Then 

(i) If |X| = 1, then (X, *,0) is a trivial BC K-algebra. 

(it) If |X| = 2, then |NecK(X)| = 2 and |NvecK(X)| = 0. 
(iit) If |X| = 3, then there exists 0 # Y C X, such that (Y,*’,0) is a 


nontrivial or trivial BC K-algebra. 


Proof. We consider only the cases (#2), (121), because the others are immediate. 
(it) Let X = {0,x}. Then we have 2 trivial Neutro-BC' K-algebras (X,*1), (X,*2) and an infinite 


number of trivial Neutro-BC K-algebras of type 5 (X, *, 0) in Table [I] 


where w ¢ X. 


(iti) Let X = {0,x, y}. Now consider Y = {0, x} and define a Neutro-BC K-algebra (X, *’,0) in Table 


Clearly (Y, *’, 0) is a non-trivial BC’ K-algebra. If Y = {0}, it is a trivial BC K-algebra. 














Table 1: Neutro-BC'K-algebras of order 2 
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«| 0 « x2 | 0 2 # | OO & 
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Theorem 3.5. Every BC'K-algebra, can be extended to a Neutro-BC'K-algebra. 


Proof. Let (X,*,0) be a BC’K-algebra and a ¢ X, and U be the universe of discourse that strictly includes 
X Ua. Forall x,y € X U {a}, define *, on X U {a} by x *, y = x x y where, x,y € X andifa € {z, y}, 


define x *q y as indeterminate or 7 *q y ¢ X Ua. Then (X U {a}, *q, 0) is a Neutro- BC K-algebra. 


Example 3.6. Let X = {0,1, 2,3, 4,5}. Consider Table [3] 
Then 














(i) If a = 0, then (X,*,,0) is a Neutro-BC K-algebra and if a = 1, then (X \ {3,4,5}, *1,0) is a 


BC K-algebra. 
(it) (X, *2, 0) is a Neutro-BC'K-algebra and (X \ {4,5}, *2, 0) is 





a BC’ K-algebra. 


(iit) Ifs =t = y = z = 0,w = 38, then (X, *3, 0) is a Neutro-BC K-algebra and for s = t = l,y = 











2,z = 3, (X \ {5},*3,0) isa BCK-algebra. If s = t = y = z 


0,w = V2, then (X,*3,0) is a 


Neutro-BC K-algebra of type 5 where s,t € {0,1},a € {4,5}, y € {2,0}, z € {3,0} and w € {3, V2}. 
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Table 2: Neutro-BC'K-algebras and Neutro-BC' K-algebra of type 5 








* |O 1 2 3 4 °5 *2|/0 1 2 3 4 =«5 *3/0 1 2 3 4 =5 
070 0 0 0 2 0 0|;0 0 0 0 0 0|}0 0 0 0 O 5 

1 }|1 0 a 2 0 3 1/1 0 0 0 5 1/1 0 ¢ O s 0 
2|/2 2 0 02 0 » 2;'2 1 0 =+0 O and 2/2 2 0 y O 3 Ci; 
3/3 0 1 2 0 °5 3.}/3 2 1 O 2 3}/3 1 3 0 2 0 
4/0 4 0 1 4 0 4/0 1 0 4 2 4/4 4 4 4 0 1 
5|/4 0 1 0 2 8 5|5 0 4 O x 5|/0 2 0 2 0 w 














Remark 3.7. In Neutro-BC K-algebra (X, «3, 0), which is defined as in ExampleB.4] we have (1,5) €< and 
(5,0) €<, but (1,0) ¢<, where (x, y) €< means x *3 y = 0. Thus <, necessarily, is not a transitive relation. 
So we have the following definition of neutro-partially ordered relation on Neutro-BC k-algebra. 


Definition 3.8. Let X be a non-empty set and R be a binary relation on X. Then R is called a 








(i) neutro-reflexive, if 3 x € X such that (z,x) € R (degree of truth T), and J x € X such that (2, x) is 
indeterminate (degree of indeterminacy J), and J x € X such that (x, x) ¢ R (degree of falsehood F’); 








(ii) neutro-antisymmetric, if J x,y € X such that (x,y) € Rand (x,y) € R imply that x = y (degree of 
truth T’), and 4 x,y € X such that (2, y) or (y, x) are indeterminate in R (degree of indeterminacy J), 
and 4 x,y € X such that (x, y) € Rand (y,x) € R imply that x ¥ y (degree of falsehood F); 











(iti) neutro-transitive, if J x,y,z € X such that (x,y) € R,(y,z) € R imply that (x,z) € R (degree of 
truth T),and 4 x,y,z © X such that (a, y) or (y, z) are indeterminate in R (degree of indeterminacy J), 
and 4 x,y, z € X such that (x,y) € R,(y,z) € R, but (x, z) ¢ R (degree of falsehood F’). In all above 
neutro-axioms (TJ, F’) ¢ (1,0, 0), (0,0, 1). 








(iv) neutro-partially ordered binary relation, if the relation satisfies at least one of the above neutro-axioms 
neutro-reflexivity, neutro-antisymmetry, neutro-transitivity, while the others (if any) are among the clas- 
sical axioms reflexivity, antisymmetry, transitivity. 


If R is a neutro-partially ordered relation on X, we will call (X, R) by neutro-poset. We will denote, the 
related diagram with to neutro-poset (X, R) by neutro-Hass diagram. 

We define binary relations ” <,, <2 ” on X by (a <, yif or only if x*y = Oora <, x ) and (x <p yif 
and only if (x * y £ 0 or indeterminate ) or x <2 x i So we have the following theorem. 


Theorem 3.9. An algebra (X, *,0) is a Neutro-BC K-algebra if and only if it satisfies the following condi- 
tions: 





NBCI-1') (Ax,y € X such that ((x*y)*(a*z)) <1 (z*y)) and (Ax, y € X such that ((a*y)*(x*z)) <2 (z*y)), 





(Aa,y € X such that (x * (x * y)) <1 y) and (Ax,y € X such that (x * (x *y)) <2 y), 








(Aa,y € X such that x <; x) and (Ax,y € X such that x <2 2), 


Va,y EX, ifa <1; yandy < &, we get = y) and (V x,y € X, if <2 yand y <2 &, we get 
z=), 


(NBCK-5') (Az,y € X such that 0 <; x) and (A x,y € X such that 0 <2 2). 








Proof. Let (X,*,0) be a Neutro-BC'K-algebra. We prove only the item (N.BCI-1’), other items are similar 
to. Since (X, *, 0) be a Neutro-BC K-algebra, (4 x,y € X such that (x*(x*y))*y = 0) and (4z,y € X such 
that (x « (xx y)) xy & 0 or indeterminate). By definition, (S x,y € X such that ((a* y) « (@*z)) <1 (z*y)) 
and (4 x,y € X such that ((a * y) * (x * z)) <2 (z* y)). Conversely, let the items (NBCI-1') to (NBCI- 
4’) and (NBCK-4’). Just prove (NBCI-1) and other items are similar to. Since (3 x,y € X such that 
((a*y) *(a*z)) < (z*y)) and (A x,y € X such that ((a*y) *(a*z)) <2 (z*y)), we get that (A x,y € X 
such that ((a * y) * (a * z)) * (z* y) = 0)) and (4 x,y © X such that ((ax * y) * (a * z)) *(z* y) # Vor 
indeterminate } 
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Let (X, x,0) be a Neutro-BCK algebra. Define binary relation < on X, by x < yif and only x <, y and 
y <2 x. So we have the following results. 


Theorem 3.10. Let (X, *,0) be a Neutro-BCK algebra and x,y,z © X. Then 
(i) ife Ayandu <y, theny < a; 
(it) 


(itt) < is a neutro-transitive algebra relation on X. 


< is a reflexive and symmetric relation on X; 


Proof. (i) Leta # y € X anda < y. If y < ag, by definition we obtain (a * y = y * x = O) and 
(axy=yx*x«x #0) andsoxz = y. 
(it), (id¢) It is clear by item (¢) and RemarkB.7] 
(dit) It is obtained by (77). 














Corollary 3.11. Let (X,*,0) be a Neutro-BCK algebra. Then (X, *,0,<1), (X,*,0, <2) and (X,*,0,<) 
are neutro-posets. 


Let (Xj, *1, 01) and (Xo, *2,02) be BC K-algebras, where X; M X2 = 0. For some x, y € X, define an 
xvxy if if eye X1\ Xe 
xvxgy if if z,ye Xo\ XxX, 
01 if if cE X1,yE Xe 
Og if if ce Xe,yE X1 


operation * as follows: x * y = , where 0; * 02 = O2 and O02 * 01 = 04. 


Theorem 3.12. Let (X71, *1,01) and (X29, *2,02) be BC K-algebras, where X11 X_ = Wand X = X, UX». 
Then 


(i) (X,*,01) is a Neutro-BC K-algebra; 
(it) (X,*, 02) is a Neutro-BC K-algebra; 


Proof. (i) We only prove (NBCI-4). Let x * y = 01. It follows that x € X1 and y © X2 oraz,y € X4. 

If x,y € X1, because (X1,*1,01) is a BC K-algebra, y « x = 0, implies that x = y. But for x € X, and 

y € Xo, we have y * x # 0; so (N BCI-4) is valid in any cases. Other items are clear. 
(iz) It is similar to item (7). 














Example 3.13. Let X; = {a,b} and X2 = {w, x,y, z}. Then (X1, *, a) and (X2, *, w) are BC K-algebras. 
So by Theorem (X1 U X41, *, a) and (X) U Xj, *, w) are Neutro-BC' K-neutralgebras in Table [3] 


Table 3: BC'K-algebras and Neutro-BC' K-algebra 








*}a b w uv y z 
a\|a a waa a 
b| boa aaaa 
wla w ww w w 
zi}w w rw w w 
y|w w y x w ow 
z\|w w Zn £ Ww 











Corollary 3.14. Let (X 1, *1,01) and (Xo, *2,02) be BC K-algebras. Then 
(2) (X,*, 01, <1), (X, *, 02, <2) and (X, *, 02, <2) are posets. 


(it) (X,*,01, <2), (X, *, 02, <1) are neutro-posets. 


Example 3.15. Consider the Neutro-BC K-algebra in Example Then we have neutro-posets (X, *,w, <1 
), (X, *, a, <2) and (X, *, 02, <) in Table Fi] where — means that elements are not comparable and J means 
that are indeterminates. 


Definition 3.16. Let (X, x, 0) be a Neutro-BC’K-algebra, 0 © X and Y C X. Then 
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Table 4: neutro-posets 














<i;}/a b way z <e}a bw an y z <|a bw au y 2 
a a- @e y 2 ala baa«e y z alaaw aaa 
b|- b wa y 2 b |b b wn y z bla b b b bb 
wla wwwww, wila ww i tI It,wiw bw - - = 
x Gc L£ WwW L& 4 & x l|a a« IL « IT tla bb -—- 42 -— = 
le ye eeyeg yigg J Legh ila 2 == gy = 
z 2 £ w @ Yy zB z|z 2 I I I z z/a b- —~ — g 


(i) Y is called a Neutro-BC'K-subalgebra, if (1) 0 € Y, (2) for all z,y € Y, we have x xy € Y, (3) 
satisfies in conditions (N BCI-3), (NBCI-4) and (NBCK-5). 


(it) @ € X is called a source element, if it is a minimum or maximum element in neutro-Hass diagram of 
(X, *, 0). 


Theorem 3.17. Let (X,*,0) be a Neutro-BC K-algebra and Y C X. If Y is a Neutro-BC K-subalgebra of 
X, then 


(i) (Y,*, 0) is a Neutro-BC K-algebra. 
(it) X is a Neutro-BC' K-subalgebra of X. 











Proof. They are clear. 





Corollary 3.18. Let (X,*,0) be a Neutro-BC K-algebra and |X| = n. Then there exist m < n and 
X1,02,-+-;Lm © X such that ({0, 21, 2,...,%m}, *, 0) is a Neutro-BC K-algebra of X. 


Theorem 3.19. Let X be a non-empty set. Then there exists a binary operation “e” on X and 0 € X such 
that 

(i) (X,¢, 20) is a Neutro-BC' K-algebra. 

(it) Forall®0 AY CX, Y U {xo} is a Neutro-BC' K-subalgebra of X. 


(iti) If X is a countable set, then in neutro-Hass diagram (X,e,%9), we have |Maximal(X)| = 1 and 
Minimal(X) = |X| —1(|X| is cardinal of X). 


(iv) neutro-Hass diagram (X,¢, 29) has a source element. 


Proof. Let x,y € X. Fixed xp € X and define x * y = y. 
(4) Some modulations show that (X, *, Zo) is a Neutro-BC K-algebra. 
(it) By TheoremB.4Jand definition, it is clear. 
(iti) Let X = {x0,%1,%2,%3,...}. Then by Corollary B.11} (X,<, x0) is a neutro-poset and so has a 
neutro-Hass diagram as Figure[]] 














Zo 





ei Geo We. Wee sve ee ns i a 


Figure 1: neutro-Hass diagram (X, <, x) with source xo. 


Theorem 3.20. Let (X,<x) be a chain. Then 
(2) there exists xx on X and 0 € X such that (X,*x,0) is a Neutro-BC'K-algebra. 
(it) forall x,y © X, we have x < y if and only ify <x x. 

(iti) In neutro-Hass diagram (X,¢, xq), 0 is source element. 
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there exists *x on X and0 € X such that (X,*x,0) is a Neutro-BC K-algebra. 


Proof. Let 0, x,y € X, where 0 = Min(X). 
rVy 


(i) Define x *x y = we - 4 Some modulations show that (X,*x,0) is a Neutro-BCK- 
xAy_ otherwise 
algebra. 
(it) Let x,y € X. Clearly x «x = a, then by definition x < y if and only if x * y = 0 and yx a # O if and 
only if y = Oif and only if y <x @. 
(iti) By item (i7), we get the neutro-Hass diagram (X,<x,0) in Figure[I] so 0 is source element. 














Let (X1, *1, 01) and (X9, *2, 02) be two Neutro-BC K-algebras, where XX = Q. Define * on X;UXo, 
xcx,y if rye X,\ Xe 
byr*y=Qauxoy if tye Xo\X1. 
y otherwise 
Theorem 3.21. Let (X1,*1,01) and (Xo, *2, 02) be two Neutro-BC K-algebras. Then 
(i) (X1 U Xo, *, 01) is a Neutro-BC K-algebra. 


(it) (XU Xe, *, 02) is a Neutro-BC K-algebra. 











Proof. It is obvious. 





Let (Xj, *1, 01) and (X92, *2, 02) be two Neutro-BC K-algebras. Define « on Xx Xo, by (a, y)*(2’, y’) = 
(a *1 2", y *2 y’), where (x, y), (2’,y’) © X1 x Xo. 


Theorem 3.22. Let (X1,*1,01) and (X92, *2, 02) be two Neutro-BC K-algebras. Then (X 1 x X2,*, (01, 02)) 
is a Neutro-BC K-algebra. 


Proof. We prove only the item (N BCI-4). Let (x,y), (2, y’) © X1 x Xo. If (x,y) * (a’,y’) = (a, y’) * 
(x,y) = (01, 02), then (% #1 x’, y *2 y’) = (01,02) and (a *; 2, y! *2 y) = (02, 01). It follows that (x, y) = 
(x’,y’). In a similar way, (x, y) * (2’, y’) = (2’,y’) * (a, y) F (01, 02), we get that (x,y) = (a’,y’). Thus, 
(X1 x X2, *, (01, 02)) is a Neutro- BC K-algebra. 














3.2 Application of Neutro-BC' kK -algebra 


In this subsection, we describe some applications of Neutro-BC K-algebra. 

In the following example, we describe some applications of Neutro-BC K-algebra. We discuss applica- 
tions of Neutro-BC'K-algebra for studying the competition along with algorithms. The Neutro-BC'K-algebra 
has many utilizations in different areas, where we connect Neutro-BC'K -algebra to other sciences such as eco- 
nomics, computer sciences and other engineering sciences. We present an example of application of Neutro- 
BC k-algebra in COVID-19. 


Example 3.23. (COVID-19) Let X = {a = China, b = Italy,c = USA,d = Spain, e = Germany, f = 
Iran} be a set of top six COVID-19 affected countries. There are many relations between the countries of 
the world. Suppose « is one of relations on X which is described in Table Bj This relation can be economic 
impact, political influence, scientific impact or other chasses. For example x * y = z, means that the country 
z influences the relationship * from country x to country y. Clearly (X, *, China) is a Neutro-BC K-algebra. 


Table 5: Neutro-BC'K-algebra 





* China Italy USA Spain Germany Iran 
China China Tran Spain Germany Italy USA 
Italy China Italy Iran Germany Spain Germany 
USA China Italy USA USA Iran Tran 
Spain China China China Spain USA Italy 
Germany | China Germany — Italy Spain Germany Italy 
Iran China Spain USA USA China Tran 





And so we obtain neutro-Hass diagram as Figure 2] Applying Figure 2] we obtain that China is main source 
of COVID-19 to top five affected countries and Iran, Spain, Italy are indeterminated countries in COVID-19 
affection together, USA effects Spain and Germany effects Iran. 
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China 


Germany 


USA 
Italy 


Spain 
Tran 


Figure 2: neutro-Hass diagram (X, *, China) associated to infected COVID-19 . 
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Abstract 


The paper focuses on the applications of neutrosophic set theory in the domain of classical algebraic structures, 
especially R-module. This study discusses some algebraic operations of neutrosophic sets of an R-module M, 
induced by the operations in M and demonstrates certain properties of the neutrosophic submodules of an R- 
module. The ideas of R module’s non-empty arbitrary family of neutrosophic submodules are characterized, 
and related outcomes are proved. The last section of this paper also derives a necessary and sufficient condition 
for a neutrosophic set of an R-module M. 

Keywords: -module, Neutrosophic Set, Neutrosophic Submodule, Support, Neutrosophic Point 


1 Introduction 


Traditionally the set theory deals with sets of objects, their features and framework models of axioms. Prac- 
tical problems in research, science and economics cannot be solved in the current environment due to the 
inadequacy of the ideas of parameterisation techniques. In 1965, Lotfi Aliaskar Zadeh (i) published a paper 
describing the concept of imprecise boundaries of sets which led to the emergence of fuzzy set theory. After 
the implementation of fuzzy sets by Zadeh, this basic notion has been generalized in several ways. In 1986 
Atanassov 1A] put forward intuitionistic fuzzy set theory as a stereotype illustration of a set in which each 
component is concomitant with membership and non-membership grades. In 1995, the University of New 
Mexico’s scientist and mathematics professor Florentin Smarandache (3) inspired by sport matches (winning 
/ defeating / tie scores), votes (pro / counter / null or black votes), decision making (accept / reject / pending) 
and control theory (yes / no / not relevant) coined a new idea and a branch of philosophy called neutroso- 
phy. Neutrosophy means understanding neutral concepts and extending of tri-valued logic by non-standard 
analysis [A]/5}. 

The main objective of the neutrosophic set is to narrow the gap between the vague, ambiguous and im- 
precise real-world situations. Neutrosophic set theory gives a thorough scientific and mathematical model 
knowledge in which speculative and uncertain hypothetical phenomena can be managed by hierarchal mem- 
bership of the components “ truth / indeterminacy / falsehood ” (Ae). Among the different branches of 
applied and pure mathematics, abstract algebra was one of the first few areas where research was conducted 
using the concept of neutrosophic set. Some authors have studied the algebraic structure associated in pure 
mathematics with uncertainty. In 1971, Azriel Rosenfeld (7) presented a seminal paper on fuzzy subgroup and 
W.J. Liu (8) developed the idea of fuzzy normal subgroup and fuzzy subring. It was a significant milestone 
in the area of mathematics research and fuzzy algebra. Mordeson’s and Malik’s book (} gives an account of 
all these concepts upto 1998. Negoita and Ralescu (10) launched the notion of a fuzzy module. Then fuzzy 
module was further developed by Mashinchi & Zahedi . The idea of a direct sum of fuzzy modules was 
investigated by P. Isaac (12). In 2011 P. Isaac, PP.John Cy cies about the algebraic nature of intuitionistic 
fuzzy submodule of a classical module. 

The consolidation of the neutrosophic set hypothesis with algebraic structures is a growing trend in mathe- 
matical research. One of the key developments in the neutrosophic set theory is the hybridization of the neutro- 
sophic set with various potential algebraic structures such as bipolar set, soft set and hesitant fuzzy set (T4HT6}. 
W. B. Vasantha Kandasamy and Florentin Smarandache (17) initially presented basic neutrosophic algebraic 
structures and their application. Vidan Cetkin (18}{T9) consolidated the neutrosophic set theory and algebraic 
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structures, creating neutrosophic subgroups and neutrosophic submodules. The basic features of single val- 
ued neutrosophic submodules of an R-module (classical module) are studied by Cetkin and Olgun N (T9}[20}. 
Neutrosophic algebraic structures have higher expressive power than classical crisp set-based structures. This 
paper explains certain elementary properties of neutrosophic set of an R-module M and characteristics of 
neutrosophic submodule of an R-module M. 

Neutrosophic set generalizes a classical set, fuzzy set, interval-valued fuzzy set and intuitionistic fuzzy 
set that can be used to make a mathematical model for the real problems of science and engineering. The 
remaining of the paper is structured as follows. The section 2 briefs about neutrosophic set operations and 
neutrosophic sub-modules of an R-module M. Section 3 provides some elementary properties of neutrosophic 
set of an R-module M and related results. The findings and description of the related work are also briefed in 
section 4. Finally section 5 presents a valid summary and future work of the proposed study. 


2 Preliminaries 


This section presents some of the preliminary definitions and results which are basic for a better and clear 
cognizance of next chapters. 


Definition 2.1. (27) Let R be a commutative ring with unity. A module M over R is an abelian group with 
a law of composition written ‘+’and a scalar multiplication R x M — M, written (r,x) ~» ra, that satisfy 
these axioms 


l. la=a 
2. (rs)x =r(sx) 


3. (r+s)a=ra+ sx 





4. r(a+y)=ra+ry Vr,s€ Randa,y € M. 


Definition 2.2. A submodule N of an R-module M is a nonempty subset that is closed under addition 
and scalar multiplication, ie., 7; +%2€ N, rx ENVreé R,2,22,c EN. 





Definition 2.3. Let A and B be submodules of an R-module 1/7. The sum of A and B, denoted as a set 
A+B={x+y:ceEA,ye Bh 
which is also a submodule and smallest submodule which contains both A and B. 


Theorem 2.1. (22) The intersection of any non empty collection of submodules of an R-module is a sub 
module . 


Definition 2.4. (4 A neutrosophic set P of the universal set X is defined as P = {(x,tp(x),ip(x), fp(a)) : 
x € X} where tp,ip, fp : X — (~0,17). The three components tp,ip and fp represent membership value 
(Percentage of truth), indeterminacy (Percentage of indeterminacy) and non membership value (Percentage of 
falsity) respectively. These components are functions of non standard unit interval (~0, 17) . 


Remark 2.1. [23} ‘Iftp,ip, fp : X — (0, 1], then P is known as Single Valued Neutrosophic Set (SVNS). 
Remark 2.2. This paper considers only SVNS. For simplicity SVNS will be called neutrosophic set. 
Remark 2.3. U* denotes the set of all neutrosophic subsets of X or neutrosophic power set of X. 


Definition 2.5. (A253) Let P and Q be two neutrosophic sets of X. Then P is contained in Q, denoted as P C Q 
if and only if P(x) < Q(x) Vx € X, this means that tp(x) < tg(x), ip(x) < ta(x), fe(x) > fe(x), Vae 
xX 


Definition 2.6. (4)/26) The complement of a neutrosophic set P = {x,tp(x),ip(x), fp(a) : 2 € X} of X is 
denoted and defined as P° = {x, fp(x),1 —ip(ax),tp(x): a € X}. 


Definition 2.7. (4|[27] Let P,Q ¢ U* Vx € X. Then 
1. The union C of P and Q is denoted by C = PU Q and defined as C(x) = P(x) V Q(x) where C(x) = 
{x, to(),io(x), fo(w) : x € X} is given by 


to(x) = tp(x) Vv tg(x) 
ic(x) = ip(x) V ig(«) 
fo(2) = fr(z) A fol) 


Doi :10.528 1/zenodo.3903173 119 


International Journal of Neutrosophic Science (IJNS) Vol. 8, No. 2, PP. 118-127, 2020 





2. The intersection C' of P and Q is denoted by C = PQ and is defined as C(x) = P(x) A Q(x) where 
C(a) = {2,tc(x),ic(x), fo(x) : « € X} is given by 

to(x) = tp(x) x tg(x) 

ic(x) = tp(x) A tg(z) 

fo() = fr(2)V fa(2) 


Definition 2.8. (23) Let P and Q be neutrosophic sets of an R-Module M . Then their sum P + Q is a 
neutrosophic set of M/, defined as follows 
P+Q(a) = {x,tp+e(2),ipie(x), fp+e(x) : « © M} where 
tprq(x) = V{tp(y) Atalz)la=y + 2,y,2 € M} 
ip+q(#) = V{ip(y) Nig(2)le =y+2,y,2€ M} 
fre+a(z) =A fry) V falz z) |x =YT 4,Y,4 € M}. 
Definition 2.9. Let P be a neutrosophic set of an R-module M andr € R. Define neutrosophic set rP = 


t j M.r= 
{x,tpp(2), ipp(a), f-p(a) : @ € M} of M as follows t,.p(x) = VEG): A eM eee 
0 otherwise 


fs ifyeMc=ry fata) = | Ur) ifye Mye=ry 


0 otherwise 0 otherwise 








; tpp(x) = 


3  Neutrosophic Set of an R-module / 


In this section a few algebraic properties of neutrosophic submodules of an R-module M are demonstrated 
and evaluated using three different membership grade values of neutrosophic submodules. 


Definition 3.1. {]19]] Let MM be an R module. Let P €¢ UM where U™ denotes the neutrosophic power set of 
R-module M. Then a neutrosophic subset P = {z,tp(x),ip(2), 
frp(x): «x € M} in M is called neutrosophic submodule of I if it satisfies the following; 


1. tp(0) = 1,ip(0) = 1, fr(0) = 0 


2. tp(a+y) > tp(x )Atp(y) 
ip(@+y) 2 tp(x) Aip(y) 
fr(et+y) < fr(z )Vv fey ; Va,yeM 


3. tp(rx) >tp(x), ip(ra) >ip(x), fe(ra) < fe(a) Vee M,VreR. 
Remark 3.1. The set of all neutrosophic submodules of R-module M represented by U(M). 


Example 3.1. Consider the classical ring R = Z4 = {0,1, 2,3}. Since each ring is a module on itself, 
take R = Zz, as a classical module. Define the single valued neutrosophic set P as follows 

P = {(0, (1,1, 0)), (1, (0.6, 0.3, 0.6)), (2, (0.8, 0.1, 0.4)), (3, (0.6, 0.3, 0.6))}. Then the neutrosophic set P is 
a neutrosophic submodule of !M. 


Definition 3.2. Let M be an R module. Let P € U™ where U™ denotes the neutrosophic power set of 
R-module M. Then a neutrosophic subset P = {z,tp(x),ip(2), 
fp(x): x € M} in M is called neutrosophic submodule of I if it satisfies the following; 


1. tp(0) = 1,ip(0) = 1, fe(0) = 0 


2: tp(a+ y) >tp(a )Atpl(y ) 
ip(x+y) = ip(x) A ip(y) 
fe(a+y) < fr(x) Vv frely), Va,ye M 


3. tp(ra) > tp(x), ip(rx) > ip(x), fe(ra2) < fe(a) Vee M,VreR. 





Remark 3.2. The set of all neutrosophic submodules of R-module M represented by U(M). 


Theorem 3.1. Let P be a neutrosophic set of 17. Then P € U(M) if and only if the following properties 
are satisfied Vz,ye M,r,seER 

i) tp(0) = 1,ip(0) = 1, fe(0) =0 

it) tp(ra + sy) > te(x) Atp(y); tp(ra + sy) > ip(x) Aip(y); 

fp(ra + sy) < fe(x) V frly)”. 
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Definition 3.3. For any neutrosophic subset P = {(2,tp(x),ip(), fp(x)) : « € X} of X, the support P* 
of the neutrosophic set P can be defined as 


P* ={x € X,tp(x) > 0,tp(x) > 0, fp(x) < 1}. 
Proposition 3.1. Let P, Q ¢ U*. If P C Q, then P* C Q*. 


Proof. Given that P C Q, then tp(x) < tg(x) :ip(x) < ig(«): fe(a) > fa(x) Vx € X. Consider x € P*, 
then ,tp(x) > 0,ip(a) > 0, fp(x) < 1. So it can conclude that 
tg(z) > tp(x) >0 
iq(x) = ip(x) > 0 
fol) < fr(t) <1 
So that « € Q*, .. P* C Q*. Hence proved. 














Proposition 3.2. Let P = {x,tp(x),ip(x), fp(x);x € M} be a neutrosophic set of M, then t,p(rx) > 
tp(x),t-p(rx) > ip(a) and f,p(ra) < fp(a). 


Proof. Consider 
t,p(ra) = V{tp(y):y € M,ra =ry} > tp(2) Vere M 
Similarly 7,.p(rx) > ip(x) . Also 
fre(rz) = A{fe(y):y € M,ra =ry} < fe(a), Vee M 











Hence the proof. 





Proposition 3.3. If P,Q ¢ U™, then Vz,y © M, r,s€R 
l. tepysqy(rx + sy) = tp(x) Atay) 
2. irp+sqy (rx + sy) 2 ip(x) A ig(y) 
3. firptsqy (ra + sy) < fp(@) A faly) 

Proof. 1. Consider 








tirp+sq)(re + sy) = \/ {trp (01) Atsq(¥2) : 01,02 € M0, + 02 =ra + sy} 


trp(raz) A tse(sy) 
tp(z)Atg(y)Va,ye M, r,s eR. 


IV IV 


2. Same as above. 
3. Consider 


Mfr )V fsq(B2) : 01,02 € M, 01 +02 =rx t+ sy} 


fre(rz) V fsa(sy) 
fr(z)V fely)Va,ye M, r,s € R. 


S(rP+sQ) (rz ae sy) 


IN IA 











Hence the proof. 





Definition 3.4. Let P;, i € J be an arbitrary non empty family of U™ where P, = {z,tp,(x),ip,(x), fp,(x) : 
x € M} for eachi € J. Then 
vies Pi = {2, bss ele x), pre x), fy re x): a € M} where 


tale) — VE A tes a) ty € M, je i = 2} Vo CM 
isn (0) = V Aim (ts) 1; € M, Spe = a} Ve € M 
fe na) = MN fp, (ai) : €M,ve7ti =2}Vae M 


in )>2;, at most finitely x/s are not Saat to zero. 
1S 


Proposition 3.4. Let P;, i € J be an arbitrary non empty family of U™, then r(U,< Pi) = Ujes(r Pi) forr € 
R. 
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Proof. Consider r U;¢7 Pi = {2,trU,., P:(2)s br Ujey Pi (2)) FrU ze P() 1 2 EM, r € R} 
Now 


— 0 otherwise 
az Viv tp. (yt if :yeM,c=ry 
0 otherwise 
7 agi (x) 
= Wies rPi (x) 


Similarly 7,y,_, p,(@) = ty, ., rP; (2) 
Now 


I 


FrUses P, (x) ls Pi (y)} if YE M,«x =ry 


1 otherwise 


_ [MA fe} ifyeMa=ry 
1 otherwise 
= Alek, (x) 


= Sites “pD) 











Hence r(U;e7 Pi) = Uses (ri) for r € R. 





Definition 3.5. For any x € X, the neutrosophic point Nex} is defined as Nex} (s) = {s, tn, (3), tn, (8), Fx, , (8) : 
s € X} where 
1,1,0) w«=s 


. — J 
Neay(s) = oe ig 


Remark 3.3. Let X be a non empty set. The neutrosophic point Noy in X is Neoy (x) = {a, t X10) (x), to) (x), I ktigs (x) : 
x € X} where 


: _ fG,1,0) 2=0 
nt) = 05) «#0 


Proposition 3.5. Let Noy be the neutrosophic point in X. Then rN roy = Noy vreR. 


Proof. Consider rN} (x) = {2, tn, (2), 4,.K 5) (x), Lenia (x): a © M}, where Vr € R and 


tengo) (®) = Vitiyg, (y) iy € Mx = ry} 
~ \0 «40 
= OK 03 (x) Vax EM 
Similarly it can prove that, tN) (x) = ix, (x) 
J Sen (x) = Mtr Noy (y) TYE M,x = ry} 
_ 0 x«x=0 
~ |1 240 


Trees (a) Va € M 














Hence for any r € R, rN eo} — Neo}. 


Theorem 3.2. Let P¢ U*. P= Noy if and only if P* = {0}. 
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Proof. If P = Njo}, then P* = (x € X,tp(x) > 0,ip(x) > 0, fp(x) < 1) = {0}. 
Conversely, if P* = {0} > tp(0) > 0,ip(0) > 0, fp(x) < 1 and tp(x) = 0, ip(x) = Oand fp(x) = 
1V a 4 0.Therefore 


—j,1,0) 2=0  . 
Pee) = Ve ea 











Hence the proof. 





Definition 3.6. For any neutrosophic subset P = {(z,tp(x),ip(x), fp(x)) : « € X} of X, the support P* 
of the neutrosophic set P can be defined as 


P* ={x € X,tp(x) > 0,tp(x) > 0, fp(x) < 1}. 
Proposition 3.6. Let P, Q ¢ U*. If P C Q, then P* C Q*. 


Proof. Given that P C Q, then tp(x) < tg(x) : ip(x) < ig(x): fp(x) > fe(x) Va € X. Consider x € P*, 
then ,tp(x) > 0,ip(x) > 0, fp(x) < 1. So it can conclude that 
tg(a) > tp(x) >0 
iQ(x) > ip(a) >0 
fa(®) S fe(a) <1 
So that z € Q*, .. P* C Q*. Hence the proof. 














Definition 3.7. Let P ¢ U*. If for all 8 € [0,1], the G-level sets of of P, can be denoted and defined as 
Pg = {x € X : tp(x) > B,ip(x) > 6, fp(x) < G} and the strict 6 level sets of P can be denoted and 
defined as P} = {x € X : tp(x) > B,ip(x) > B, fe(x) < B}. 


Proposition 3.7. Let P;, i € J be an arbitrary non empty family of U*. Then for any 6 € [0, 1], then 


1 (Pde =(1) Pe 


ieJ ies 
2. (Pe S(U Pie 
i€J i€J 


Proof. 1. Consider 


ce |(Pi)e @ rE (P)sVieT 
ie J 
= tp(2)> 8B, ip,(«) > 8B, fe(z)<BVieT 
& Atp(2)>B, A in(a) 28, Vv fr(e) <8 
7, ies p, (x) 2 B, Mies p, (x) 2 B, Ines Pp, (2) <p 
@ «&({)Pi)p 
i€J 


2. Consider 


LE (Pie => w« €(P;)g forsome j € J 
ied 
> tp, (x) = B, ip, (x) > £, fee) <8 
te (2) zB; ey tp, (x) 2 B, ry fp, (x) <8 


=> cé(UJPR)e 


ted. 


4 











Hence the proof. 





4 Neutrosophic Submodule of an R-module / 


This section explains the characteristics of neutrosophic submodules of an R-module and some associated 
results and theorems. 
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Theorem 4.1. Let P € U(M). Then P* is a submodule of M. 


Proof. Given P € U(M) and P* = {x € M,tp(x) > 0,ip(x) > 0, fp(a) < 1}. Let 2,0 € P*. Then 
tp(x) > 0,tp(x) > 0, fe(x) <1 
tp(@) > 0,2p(0) > 0, fe(@) <1 

To prove that ra + s0 € P* wherer,s € R. 

i.e. to prove that tp(raz +80) > 0, ip(ra + 80) > 0, and fp(ra+s0) <1 

Now 


tp(ra + s0) p(rx) A tp(s6) 


p(x) Atp() > 0. 


The remaining two inequalities can be proved in the same way. 
Hence P* is asubmodule of / . 














Theorem 4.2. Let P;, i € J be an arbitrary non empty family of U(M), then (),.., Pi ¢ U(M). 
Proof. Consider (),<7 Pi = {2, tp, , P:(2), In, ., P:(@), fp ,c, P(e) 1 @ © Mp andtn,_ | p,(0) = A tp,(0) = 
1; ine, P:(0) = Aji J=1; frie P:(0) = fr. 0 )=0Now, Vz,yeM,rseER 
tries PTE + sy) = Aim (ra + sy) 
Alte.(2) Ate.(y)) 
[Ate (a) ALA tr.(o) 


a Tie p(z) Ato, .,P (Y ) 


IV 


I 


in the same way it can derive 
in,e, P(r@ + sy) 2 in, , P,(Z) Ain,., P, (y) 
fn, p.(re + sy) < fie, P:(@)V Irie, Pi) 














Hence (),- , P; © U(M) 





icJ 
Remark 4.1. If P,Q € U(M), then PNQEU(M). 


Definition 4.1. Let P;, i € J be an arbitrary non empty family of U™ where P; = {z,tp,(x),ip,(2x), fp,(x) : 
x € M} for eachi € J. Then 
Mies Pi = (2, tae x), poe x), frre x): x € M} where 


{ae VE A tr (a) ty € M, yep i = 2} Vo CM 
is ale) = VEA fn (i) it € My Dye) % =a} Ve € M 
fie m (a) = MN fp, (ai) : EM, .7ti=ajveeM 


in >> ;, at most finitely x/s are not atl to zero. 
ied 


Theorem 4.3. If P,Q € U(M), then P+ Q € U(M). 
Proof. It is enough to prove that P + Q satisfies the following conditions Vz,y € M,r,s ER 
1. tp4Q(0) = 1,iP+Q(0) = 1, fere(0) =0 


2. tpya(rx + sy) > tp+aq(x) Atp+re(y), tpre(ra + sy) > ipte(x) A ip+e(y), 
frra(r@ + sy) < fe+a(x) V fr+ely) 


Since P,Q € U(M), from the definition condition | is obvious. 
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Consider 

trra(z) Atpra(y) = \{te 
Vite 
Vite 
\/ {tp syi) A te(sy2) : sy = sy1 + sya} 
= Vilte(rei) Atp(sy1)] A [te(rz2) A te(sy)] 
Tk = 7x, +722, sy = syi + sy2} 
\f{tp(ra + sy1) Atg(ra2 + sy2) 
rat sy =ra,+syi tra + syo} 


£1) Ato(ae)i 2 = 27+ 25}A 


y1) Ata(y2): ¥ =y1 + yo} 


IA 


rt) Ato(rto) irr = 12, + ree} A 


( 
( 
( 
( 


IA 


= tpsQ(rat sy) where rz + sy = r(a, + 2) + 8(y1 + yo) 
V 21,2, Y1, Y2 € M 
Similarly, ip+q(rz + sy) 2 ip+Q(x) Atp+aly); fp+o(rz + sy) < fr+Q(2) V fr+a(y) 
v P+Q€U(M). 


Corollary 4.3.1. Let P;, i € J be a family of neutrosophic submodules of an R-module M. Then >> P; € 
ied 














U(M). 


Corollary 4.3.2. Let P,Q € U(M), then 
1. (P+Q)* = P* + Q* 
2. (PNQ)* = P*NQ* 


Theorem 4.4. Let P ¢ U™. Then P € U(M) © P hold the following 
1. Ny} CP 
2,.rPCPVreR 
35 Pan P (EP 

Proof. Consider P € U(M) 


1. Consider Neo} (a) = {ete (2); to) (x), Drees (x): a € M} where 


{0} 
i 1,1,0) «=0 
No} (a) = een 
(0,0,1) «#40 
Then obviously, ¢ x, (x) < tp(2), iN go () < ip(x) and Figo, @) > fe(x) Vee M 
Hence Neo} CP. 
2. Consider rP = {x,typ(x),ipp(2), fpp(x) : « © M} where 


tpp(z) = oo Ca 
sepa) Na SM Nope) — detrei) 


Similarly i,p(a) <ip(x), f-p(a) > fe(x), Va € M. 
Hence rP C P. 


3. Comsiderx € M,re R 


tpyp(x) = V{tpyAtp(z):y,2€M,x«=y+2} 
< tp(x) Vax € M [ta(x) =ta(y +z) > ta(y) Ata(2) 


Similarly, ip; p(x) < ip(x) and fpyp(x) > fp(x) 
Therefore P+ PCP. 
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Conversely, assume P € U™ satisfies the given three conditions and to show that P € U(M). 
From the condition 1, 
No, CP => lKroy (x) < tp(a), 403 (x) <ip(x) a.nd Fixe) (x) > fe(a)VxcreM 
> tp(0) = 1,ip(0) =land fr(0) = 0. 
Now for z,y € M, 
From condition 3, P+ PCP 


tp(c+y) = tpyp(x+y) 
= V{tp(z1) Atp(za): 21,22 € Myx t+y=214 2} 
> tp(x) Atp(y) 


Similarly, ip(x + y) > ip(x) Aip(y), fe(at+y) < fe(2)V fey) Va,yeM. 
Also from condition 2, VréR, ce M, 
tp(ra) > t,-p(ra) 


oe ify=rax,rx=ry 


0 otherwise 


IV 


tp(x) 


Similarly, tp(ra) > ip(x) and fp(ra) < fp(z). 
Therefore it can conclude, P € U(M). 














Corollary 4.4.1. Let P ¢ U™, then P € U(M) © P hold the following 
1. Nyy CP 
2.rP+sPCP,VrsER 


5 Conclusion 


Neutrosophic submodule is one of the generalizations of the algebraic structure “module” that supplements 
the classic structure by assigning three diverse level graded features of each module component. This paper 
presented numerous operations of neutrosophic sets of an R-module M, instigated by the operation addition 
in M and an action of aring R on M. The scope and intent of this study are to generalize algebraic structures 
and to create algebraic neutrosophic structures and find their application. The present study leads to explore 
the concept of injective and projective neutrosophic submodules of an R-module, semi-simple neutrosophic 
submodule of an R-module and a quasi neutrosophic submodule of an R-module. 
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